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ABSTRACT. The notion of regular pair (A, B) for two nonempty closed convex subsets A
and B of a Hilbert space H was introduced by Borwein and Bauschke in 1993 to ensure
convergence (in norm) of the alternating projection method to some point of the best
approximation set. In 2022, De Bernardi and Miglierina showed that regularity of the
pair (A4, B) guarantees, additionally, the convergence for any variational perturbation of
the alternating projection method, provided the corresponding best approximation sets
are bounded. The aim of this paper is to show that the converse assertion is also true.
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1. INTRODUCTION

Let A and B be two nonempty closed convex sets in a Hilbert space H. The 2-set convex
feasibility problem consists of finding a pair of points a € A and b € B realizing the
distance between A and B, that is, d(A, B) = |la — b||. Clearly, a necessary condition for
the existence of such a pair is that the best approximation sets

E:={a € A; dist(a, B) = dist(4,B)},  F:={be€ B;dist(b, A) = dist(A, B)} (1.1)
are nonempty. In this work we shall assume that this condition is always satisfied and

consequently the problem is well-posed. Notice that this happens whenever the intersection

of the sets A and B is nonempty (in this case, £ = F = AN B).
1
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The method of alternating projections is the simplest iterative procedure for finding a
solution of the convex feasibility problem and it goes back to von Neumann [11]: let us
denote by P4 and Pp the projections onto the sets A and B, respectively. Then for any
starting point ay € H, consider the alternating projection sequences {a,},>1 C A and
{bn}n>1 C B defined inductively by

b, = Pg(an—1) and a, = Pa(b,) (ne€N). (1.2)

If the sequences {a, } and {b,} converge in norm, then we say that the method of alternating
projections (also known as the von Neumann method) converges.

It is well-known that the sequences {a,} and {b,} are always weakly convergent (|5]).
Notwithstanding, in the separable Hilbert space /5, a celebrated example of Hundal in
2004 (|9]) shows that in general the alternating projections method may fail to converge
in norm. This was the starting point for investigations and several conditions ensuring the
convergence of the von Neumann method appeared in the literature.

Besides the case in which A and B are linear subspaces (this was the original setting
studied by von Neumann himself), one of the best known and most important sufficient
conditions for the convergence of such a method is the notion of regularity for the pair
(A, B) (see forthcoming Definition 2.6), introduced by Bauschke and Borwein in [2]. This
notion guarantees the norm convergence of the sequences defined in (1.2).

In the more recent papers [6-8|, the authors studied stability properties of the alternating
projection method. More precisely, for any two sequences of nonempty closed convex sets
{A, }n>1 and { B, },,>1 such that lim,,_,., 4, = A and lim,,_,, B,, = B for the Attouch-Wets
variational convergence (see forthcoming Definition 2.2) and any initial point ag € H, they
considered the perturbed alternating projection sequences {ay}n>1 and {b,}n>1, defined as
follows:

b, = Pgp,(a,—1) and a, = Pa,(b,) (n € N). (1.3)

In particular, in [6], they showed that the aforementioned regularity condition is not only
sufficient to guarantee the convergence in norm of the alternating projection sequence
n (1.2), but also of its variational version given by (1.3). To be more precise, using the
notation of (1.1) let us recall the notion of d-stability introduced in [6].

Definition 1.1 (d-stability). We say that the pair (A, B) of two nonempty closed convex
subsets of a Hilbert space H is d-stable, whenever all perturbed alternating projection
sequences {a, },>1 and {b,},>1 given in (1.3) satisfy

lim dist(a,, £) =0  and lim dist(b,, F') =0 (in norm).

n—00 n—00

The main result of [6] asserts that if the pair (A, B) is regular and the sets E' and F are

bounded, then the pair (A, B) is d-stable. In the same paper, the authors asked whether
the inverse implication holds, stating the following open problem:

Problem 1.2. Is every d-stable pair (A, B) necessarily reqular?



REGULARITY AND d-STABILITY 3

The main aim of the present paper is to show that Problem 1.2 has a positive answer
under the condition that the best approximation set E is bounded (equivalently, F' is
bounded). In particular, we establish the following result.

Theorem A. Let A, B be nonempty closed convex subsets of H for which the best approz-
imation sets & and F are nonempty and bounded. Then the following are equivalent:

(i) the pair (A, B) is regular;
(i) every variational alternating projection algorithm converges
(that is, the pair (A, B) is d-stable).

In this work, we establish implication (ii) = (i) (see forthcoming Theorem 3.7). The
other implication was previously established in [6, Theorem 4.9]. Alltogether, Theorem A
provides a complete characterization of regularity by means of variational stability of al-
ternating projection sequences.

We resume this introduction with a brief description of the structure of the paper. Section 2
is devoted to fix our notation and review preliminary notions. Definitions and properties of
the Hausdorff and respectively, the Attouch Wets set convergence are therein recalled, to-
gether with relevant properties of metric projections and of alternating projections method
in a Hilbert space. In particular, the relationship between regularity and d-stability ob-
tained in [6] is recalled. In Section 3, we prove the main result of the paper, namely, the
fact that d-stability implies regularity for a given convex feasibility problem. For the con-
venience of the reader, we first prove the main result under a stronger assumption (namely,
that the involved sets A and B are separated by a linear functional and A is bounded).
Then, we eventually remove the extra assumptions and establish the result in the general
case.

2. NOTATION AND PRELIMINARIES

Throughout this paper, we will always work with a Hilbert space ‘H equipped with an
inner product (-,-) and its induced norm || - ||. We denote by By and Sy the closed unit
ball and the unit sphere of H, respectively. If @« > 0, x € X, and A, B C H, we denote as
usual

r+A={r+a;aec A}, aAd:={aa;ac A}, A+B:={a+bacA be B}.

For any two points x,y € H, we denote by [z, y] the closed segment in H with endpoints =
and y and we set (x,y) = [x,y] \ {z,y} for the corresponding “open” segment. For a subset
A of H, we denote by int (A), conv (A) and conv (A) the interior, the convex hull and the
closed convex hull of A, respectively. We further define the distance of a point z € X to a
set A as follows:

dist(z, A) == égﬁ |la —z||.

We are going to use the following simplified notation. If f is a real-valued function defined
on H, we denote

f <ol ={zreH; f(x) <a} foracR.

=«

The sets [f > a] and [f = ] are defined similarly.
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2.1. Hausdorff and Attouch-Wets convergence of sequences of sets. Let us now
review two notions of convergence for a sequence of sets (for a more detailed overview of
this topic, see, e.g., [3]). By ¢(H) we denote the family of all nonempty closed subsets
of H. Let us introduce the (extended) Hausdorff metric Dy in ¢(H). For A, B € ¢(H), we
define the excess of A over B as follows:

e(A, B) := supdist(a, B).

acA
If A+ and B =0 we set e(A, B) = oo, while if A = we set (A4, B) = 0. Furthermore,
we define the Hausdorff distance between sets A and B as follows:
Du(A, B) := max{ e(4, B), e(B, A) }.
The above metric gives rise to our first notion of set convergence.

Definition 2.1 (Hausdorff convergence). We say that a sequence {A,} in ¢(H) converges
in the Hausdorff sense to a set A € ¢(H) if

According to [10, Theorem 8.2.12] the sequence {A,},>1 in ¢(H) is Hausdorff converging
to a set A € ¢(H) if and only if

sup |dist(z, A,) — dist(z, A)] — 0.

zeX n—oo

We now consider a weaker notion of convergence, the so-called Attouch-Wets convergence
(see, e.g., |10, Definition 8.2.13|). To this end, fix r > 0, A, B € ¢(H) and set:

e.(A,B) = e(ANrBy, B) €[0,00),
Du.(A,B) = max{e (A, B), e.(B,A)}.
The above family of pseudo-distances gives rise to the following notion of convergence:

Definition 2.2 (Attouch-Wets convergence). We say that a sequence {A,},>1 in ¢(H)
converges in the Attouch-Wets sense to a set A € ¢(H) if for every r > 0 we have:

llmn_mo DH,’I‘(ATM A) =0.

The Attouch-Wets convergence can be seen as a "localization" of the Hausdorff conver-
gence. Indeed, according to [10, Theorem 8.2.14], a sequence {A, },>1 in ¢(H) is Attouch-
Wets converging to a set A € ¢(H) if and only if for every r > 0
sup |dist(z, A;) — dist(xz, A)] — 0.
n—oo

zerBy

The following property relates Hausdorff and Attouch-Wets convergences.

Fact 2.3. Let A € ¢(H), {An}nz1 C ¢(H), {rutn C (0,400) increasingly converging
to 400, and {0,}n C (0,400) converging to 0. Assume that Dy(A N r,By, A,) < 0,
whenever n > 1. Then, for every r > 0, the inequality Dy, (A, A,) < 6, eventually holds
as n — oo. In particular, the sequence { Ay, }n>1 is Attouch-Wets converging to A.
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Proof. Let r € N. For every n € N, we clearly have

er(An, A) = e(A, N1rBy, A) < e(A,, ANr,By) < d,.
Moreover, if ny € N is such that r,, > r, then for all n > ny we have

e (A A,) =e(ANrBy, A,) <e(ANr,By, A,) <9, .

We have shown that Dy (4, A,) < 0, eventually holds as n — oco. The final conclusion,
about the Attouch-Wets convergence of {4, },>1, immediately follows. |

2.2. Projections in Hilbert spaces and the alternating projections method. The
notions of distance between two convex sets and of projection of a point onto a convex set
of a Hilbert space play a fundamental role in our paper. The projection onto a nonempty
closed convex subset C' maps any point o € H to its nearest point in C', denoted by
Pc(xg). We shall frequently use in the paper the following result, usually called variational
characterization of the projection onto C. Let ¢y € C and xy € H. Then ¢y = Po(xo) if
and only if

(xg —co,c—cp) <0, forall ceC. (2.1)
We recall that the projection Pr is a nonexpansive map from H to C, i.e., it holds
| Po(z) — Pe(y)|| < ||z — || (see, e.g., [10, Proposition 10.4.8]).
In the sequel, we shall need the following elementary fact, the proof of which is left to
the reader.

Fact 2.4. Let C, D C H be nonempty closed convex sets such that C' C D. The following
assertions hold.

(a) If C is an affine set then Po is an affine function.
(b) If b,p € H are such that p = Pp(b) and p € C, then p = Po(b).

Given n € N and two convex sets A, B € ¢(H), let us consider the nonexpansive map
25 . H — H, defined by

Iy (x) =z, TP (x) = PaPs...PaPy(z), z€H.
n t\ilrnes

Given A and B in ¢(H), let {a,}n, {bn}n be the corresponding alternating projection
sequences as in (1.2), starting from the initial point x € H, then we can rewrite them in
terms of the above operator 11242 (- ) as follows:

an, =128 (2), b, = Pp(I2P (2)).

Let us now consider two nonempty closed convex subsets A and B and define the dis-
placement vector

v = Pz—(0) for the pair (A, B). (2.2)
It is clear that if ANB # (), then £ = F' = AN B and the displacement vector for the pair

(A, B) is null. We denote by Fix(T") the set of all fixed points of an operator 7" : H — H.
Recalling from (1.1) the definition of the best approximation sets £ and F' we have:
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Fact 2.5 (|2, Fact 1.1]). Suppose that H is a Hilbert space and that A, B are nonempty
closed convex subsets of H. Then:

(i) ||v]| = dist(A, B) and E 4+ v = F;
(ii) B =Fix(P4Pg) = AN (B —v) and F = Fix(PgPs) = BN (A+v);
(iii) For every e € E and f € F we have:
Pge = Pre = e+ and Pyf=Pgf=f—v.

2.3. Regularity and d-stability for a pair of convex sets. We shall now state two
notions of regularity for a pair of nonempty closed convex sets A and B, which have been
introduced in [2] to ensure convergence in norm for the alternating projection algorithm
(see also [4]).

Definition 2.6 (regular and boundedly regular pair). Let A and B be two nonempty closed
convex subsets of a Hilbert space H, such that the corresponding best approximation sets
E and F' are nonempty.
The pair (A, B) is called:
(i) regular if for every e > 0 there exists § > 0 such that for every x € H we have:
max { dist(z, A),dist(z, B —v)} < § = dist(z,F) <e. (2.3)

(ii) boundedly regular, if for every bounded set S C ‘H and £ > 0 there exists § > 0
such that (2.3) holds for every = € S.

Bounded regularity condition is always fulfilled in finite-dimensions (see |2, Theorem 3.9]).
We refer the reader to [2] for concrete examples of pair of sets satisfying (or failing to sat-
isfy) properties (i) and (ii).

The following statement shows that bounded regularity is equivalent to regularity whenever
the best approximation sets E, F' are bounded, see [6, Prop. 3.2].

Proposition 2.7. Let A, B be nonempty closed convex subsets of a Hilbert space H. If the
pair (A, B) is reqular, then it is also boundedly reqular (and E, F' are nonempty). Moreover,
iof B is bounded, the converse also holds.

The next result follows from |2, Theorem 3.7| and [6, Theorem 4.9|. Indeed, recalling
Definition 1.1 we have:

Theorem 2.8. Let A, B be nonempty closed convex subsets of a Hilbert space H so that
the pair (A, B) is reqular. The following assertions hold:

(i) The alternating projection method converges in norm;
(ii) If E, F are bounded, the pair (A, B) is d-stable.

3. MAIN RESULTS

In this section, our aim is to prove Theorem A. To this end, we are going to make
use of several intermediate results and technical lemmas, which we are going to obtain
progressively. Let us start with the following important intermediate result that provides a
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framework under which a sequence generated by the alternating projection method remains
in a 2-dimensional space.

Lemma 3.1 (keeping iterations in a 2-dim space). Let z,w be two nonzero elements of a
Hilbert space H such that (w,z) =0 and define functions:

x— f(z)=(z,2) and x+— ]?(:c) = (z4+oaw,z), for a: ||||w|||]22 (3.1)

Let further A, B be nonempty closed convexr subsets of H such that
zwlcAC|f2fw)]  and  fouw]cBC(f<0) (3:2)

Then the alternating projection method starting from ag := P4(0) generates a sequence that
converges to w, that is:

lim II25 (P4(0)) = lim 24 (0) =w € ANB.

n—oo n—oo
Proof. We claim that:
(i) if a € [z, w] then Pg(a) € [0,w];
(i) if b € [0, w] then P4(b) € [z, w].
To prove (i), observe that Pr<g(a) = Py=g(a). Since Py—g(2) = 0 and Py—q(w) = w, by

Fact 2.4(a), we have that Py—g(a) € [0,w]. The proof of (i) follows by our assumptions
and by Fact 2.4(b).

To prove (ii), observe that P[f:f(w)](—aw) = z and P[f:f(w)] (w) = w. Arguing as in the
proof of (i), we have that if b € [—aw,w] then P4(b) € [z, w]. In particular, (ii) holds and

the claim is proved.
Therefore, setting

A= [z,w] and B :=[0,w].
we deduce that o
[T (Pa(0)) = IL,"" (Pa(0)) .

Since H§’§ (Pa(0)) = w as n — oo (see, e.g., |2, Fact 1.2]), the proof is complete. [ |
We shall now consider two nonempty closed convex sets A and B that are separated by

a functional and show that, provided one of them is bounded, we can perturb the sets to
obtain a setting in which the previous lemma can be applied.

Lemma 3.2. Let A, B be nonempty closed convex subsets of H such that for some f € Sy,
BeERandr > 1 wehcwe

sup f(B) < g < inf f(A) and A CrBy.
Let further p,w € [f = B], p # w and suppose that for some 6 > 0
(p+0By)NA#D, (p+0By)NB#D, (w+0By)NA#D (w+By)NB#D.
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Then there exist closed convex sets E, B such that
Du(A,A) <36 and Dyu(B,B) <36 (3.3)

so that the corresponding alternating projection sequence satisfies:

{WPAp)} cif=p  and  lim 1) = w.

n> n—00

Proof. Without any loss of generality, we may assume that p = 0 and consequently g = 0.
Define R
B = (B+30By)N[f <0].

Since Dy (B, B + 36By,) < 36 and B C [f < 0], we have B C B C B + 30By and hence
Du(B, B) < 3.

Set eg = min{1, ||w]|}, let u be an element in Sy representing the functional f € Sy« (that
is, f(-) = (u,-)), and define:

@)= (u+0w,z) = f(x) +0w,x), €M,  where 6= % (3.4)
rljw
Since |Ju]| = 1 and (u,w) = 0, we have ||f]| > 1. Moreover, for every a € A we have:
f(a) = f(a) + 0w, a) = =0]|w| [|a]|. (3:5)

We now consider the set
A= (A+30By) () [F = Flw)].

Claim. Dy(A, A) < 36.
Proof of the claim. Since AcC A+ 30B4,, we have e(A A) < 35. Let now a € A. If
a€ []?2 f(w )} then a € A, while if f( ) < f( ), we set a = P[f>A(w)] (a) = P[A:A(w)](a).
Then f(a) = f(w) = deor~! and we obtain from (3.5) that
[Fw) = fla)
- =< <

I/
It follows that @ € 21, whence e(A, fAl) < 26 and the claim follows.

w) — fla) < 26.

)

la — all =

Finally, consider the triangle with vertices 0,w and z := é%u. By the definition of the
sets A and B , we deduce that

0
0,u] € [T
Therefore, we can apply Lemma 3.1 for the sets //1\ B and for
K} 2
z= ﬁu, and a= ||Z||2
r [[w]]
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to conclude that L J
lim IIV% (P4(0)) = lim I (0) = w.

n—oo n—oo

The proof is complete. |

We are now ready to establish our main result. For the reader s convenience, we shall first
do so under the additional assumption that the sets A, B are separated by a functional
f € H*. This assumption, which will eventually be dropped in the sequel, simplifies
considerably the proof, allowing us to outline the geometrical features of the arguments.

We recall from (1.1) and (2.2) the definitions of the best approximation sets F, F' and the
displacement vector for a pair (A, B) of nonempty closed convex sets in H and start by
proving the following technical lemma.

Lemma 3.3. Let (A, B) be a pair of nonempty closed convex sets in H such that
sup f(B) < 0 =inf f(A) for some f € Syx.

Assume further that E, F are nonempty, bounded and the pair (A, B) is not regular.
Then, there exist eg > 0, r > 0 and sequences

{6n}n>1 C (0,400) with lim §, =0 and {wp 1 Cker f N (E +1rBy)
n—0o0
such that:
dist(wy, ) > &g and max { dist(wy,, A), dist(w,, B — v)} <9,

Proof. We shall show the result for the case AN B # (). The general case follows by an
easy adaptation of the same arguments.

Since the pair (A, B) is not regular, there exist {w/] },>1 C H and gy > 0 such that
dist(w/,, AN B) > 3eg, forallm>1 and lim max {dist(w/, A), dist(w!, B)} = 0.

n—oo
Then setting w) == Py f(w),), one has
Jut, — ] < ma{dist(w), ), dist(ut,, B)},
yielding

lim ||w), —w!||=0  and lim max {dist(w], A), dist(w], B)} = 0.

Then for some ny € N sufficiently large and all n > ny we have:
dist(w)), AN B) > dist(w),, AN B) — ||w], — wl|| > 2.
We now pick w,, € [w!, Panp(w!)] so that e < dist(w,, AN B) < g, + 1. Therefore, since

n

AN B is bounded, there exists r > 0 such that w,, € (AN B) + rBy. Finally, by convexity
of the sets A and B we have

0p = max{dist(w,, A), dist(w,, B)} < max {dist(w”, A), dist(w.,, B)}
and the proof is complete. |



10 F. BATTISTONI, A. DANIILIDIS, C. A. DE BERNARDI, AND E. MIGLIERINA

We are now ready to establish the result under the additional assumption that the sets are
separated by a linear functional.

Theorem 3.4. Let A, B be nonempty closed convex subsets of H such that AN B is
nonempty and A is bounded. Assume further that for some f € Sy« we have

sup £(B) < 0 < inf f(A).
If the pair (A, B) is not regular, then (A, B) is not d-stable.

Proof. We can assume that for any initial point, the alternating projection sequence with
respect to the sets A, B converges, because, otherwise, the pair (A, B) is already not
d-stable. Therefore, for every ay € H one has

lim dist (11" (ap), AN B) = 0. (3.6)

n—0o0

By Lemma 3.3, there exist g9 > 0, r > 0, a sequence of positive numbers {4, },, with 6, — 0
and a sequence {wy, },>1 C ker f N r By such that
dist(w,, AN B) > 3¢ and max{dist(wn,A), dist(wn,B)} <d, — 0.

n—o0

We can assume that 6,, < &g, for all n € N. In view of (3.6), the alternating projection
sequence starting from w; converges to some point p; € AN B. Let n; € N be the smallest
integer such that

p1 = H,‘?{B (w1) € p1 + 0By .

We shall now show that there exist two closed convex sets /All and El which are 3ds-close
(with respect to the Hausdorff distance Dy) to the initial sets A and B, respectively, such
that the iterations of the corresponding alternating projection method, starting from py,
bring us sufficiently close to the point wy. To this end, notice that p; € AN B C ker f,
wy € ker f and wy + 9By has nontrivial intersection with both sets 4\ and B.A Therefore,
we can apply Lemma 3.2 for § := d5 < gy to obtain closed convex sets A; and B; such that

Du(A, A)) <36, Du(B,Bi) <36 and  lim I (p) = w,.

n—oo

Let now m; € N be the smallest integer such that
Wy = Hi’lB (pl) € wy + By .

Since [[p1 — p1| < €0 and the projection operators Pz , Pz are non-expansive, we deduce

g2 =TI (B1) € W + eoBy -
Consequently, ||gz — wa|| < 29 and since d(ws, AN B) > 3¢ we get d(gz2, AN B) > &.
Concatenating the sequences:
{ILF (W) }ocn,  (oining wi to pr)  and {1 (51)}uem,  (joining pi to g2)

we obtain a finite sequence of variational alternating projections remaining entirely outside
the set (AN B) + ¢oBy.
We can now iterate this process by considering the alternating projection sequence for the
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initial sets A and B, starting from the point ¢;. In view of (3.6) this sequence converges
to some point of the intersection A N B, that is:

lim 47 (q) :=p, € ANB.
n—oo

Continuing in this way, we generate two sequences {4, } and {B,} of closed convex sets of
the form

IS ~ ~ ~ ~ ~ ~
{An}nzl = M,Al,...,Al,u,Az,...,AQ,M,A&...,A:},,...
—— S—— S——
ny times m1 times no times mo times n3 times mg3 times
o ~ ~ ~ ~ ~ ~
{B,},:={B,...,B,By,...,B1,B,....B,By,...,Bs,B,...,B,Bs,... Bs,...
M~V YV Y Y
ny times m1 times no times mo times n3 times m3 times

respectively, for which the variational alternating projection sequence starting from wg and
projecting successively onto these sets is not converging. This shows that the pair (A, B)
is not d-stable. |

Remark: Theorem 3.4 still holds in the case where AN B = () and the best approximation
sets £ and F are nonempty and bounded: in fact, the separation is now provided by
the hyperplane which is orthogonal to the displacement vector v (see (2.2)) and a similar
procedure to the above can be applied. Moreover, proceeding as in the proof of forthcoming
Theorem 3.7, it is possible to omit the assumption that A is bounded.

We shall now establish the main result of our paper in its full generality, removing the
additional assumption that the closed convex sets A and B can be separated. For the
proof, we need to recall the notion of algebraic interior of a set.

Definition 3.5. Let C' C H be a nonempty set. The algebraic interior of C', denoted by
algint C', is the set of all points ¢ € C' such that for every u € Sy there exists €, > 0 such
that [c,c+e,u) C C.

We recall that a set C' C H is called absorbing if for every x € H, there exists a positive
number « such that x € tC whenever ¢t > «. It is easy to see that x € algint C' if and
only if C' — z is absorbing. Moreover, if C' is a convex set such that int C' # () then,
algint C' = int C.

We also need the following well-known corollary of Baire Theorem.

Fact 3.6 (see, e.g., [1, Corollary 3.28|). If a complete metric space is a countable union of
closed sets, then at least one of them has a nonempty interior.

Theorem 3.7. Let A, B be nonempty closed convex subsets of H such that AN B is
nonempty and bounded. Suppose that the pair (A, B) is not reqular. Then the pair (A, B)
15 not d-stable.
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Proof. As in the proof of Theorem 3.4, without loss of generality we may assume that the
alternating projection sequence relative to the sets A and B converges for any starting
point, that is, for every ag € H, (3.6) holds. We can also assume that 0 € AN B.

Since the pair (A, B) is not regular and AN B is bounded, by [6, Proposition 3.2| the pair
(A, B) is not boundedly regular. Therefore, there exist » > 1, ¢ € (0,1) and sequences
{6n}n>1 € (0,¢/3) with §,, — 0 and {¢,}, C (r — 1)By such that:

ANB C (r—1)By dist(t,, AN B) > 3¢ 0, := max {dist(t,, A), dist(t,, B)} .

Let {rn}n C (r,00) be a sequence of real numbers such that r, — oo and take an arbitrary
point gy € H. Let ny € N be such that

dist (127 (qo) , AN B) < e.
Denote s; = I15:% (¢o), let s} € AN B be such that [|s; — s}[| < ¢ and set
A =ANrBy and B; = B.
Claim. 0 & algint (A; — By).

Proof of the claim. Let us first observe that since the pair (A;, By) is not regular, by
[2, Corollary 4.5|, we have 0 ¢ int (A; — B;). Notice further that since A; is w-compact,
the set A; — B; is closed and convex. Let us suppose, towards a contradiction, that
0 € algint (A;—B;). Then, A;— B would be an absorbing set and consequently U n(A;—
Bi) = H. In this setting, Fact 3.6 would yield that int (A; — By) # 0. Since (A4; — By) is
convex, we would have 0 € algint (A; — By) = int (4; — By), a contradiction. Therefore,
the assertion of the claim holds.

It follows that there exists u; € Sy such that, for every 6 > 0, we have A; N (B +0uy) = 0.
In particular, the closed convex sets A; and (B; + dyuq) are disjoint and A; is w-compact.
By the Hahn-Banach theorem there exists f; € Sy and a; € R such that

sup f1 (Bl + (51u1) < (05} < inf f1 (Al) .

Since s§ € Ay and s} + dyu; € (By + d1uy), there exists py € [s],s] + d1uq] such that
fi(p1) = a;. It follows that

(p1 + 61By) N Ay # 0, (p1 + 61By) N (By + d1u) # 0.

Similarly, let a; € A; and by € By be such that ||a; — #1]| < 61 and [|by — #1]] < d;. Since
by + du; € (By + 01uy), there exists wy € [ay, by + 01uq] such that fi(w;) = aq. Since
|61 + d1uy — t1]| < 201, we have ||w; — 1] < 20;. Recalling that dist(¢;, A;) < 6; we obtain

(w1 + 3(51]}37{) N A1 7é @ and (U}l + 3511837.[) N (Bl -+ 51U1) 7é (Z)
Applying Lemma 3.2 we obtain two (perturbed) closed convex sets ZI, B such that

Dy (Al,ﬁl) <95, and Dy (31 + 51u1,§1> <90y,

and such that Hflvél (p1) = wy as n — oco. Notice that

DH <A N 7"1]:8’;.[, 121\1> < 951 and DH <B7 §1> < 1051
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Since
dist (wl,AF‘l B) 2 dist (tl,Aﬂ B) — ||w1 — t1|| > 3e — 251 > 2¢e + 51,

there exists m; € N such that
dist (Hf}lﬁl (p), AN B) > 2 + 4.
Since [|p1 — s1]| < € + 91, we have ||H§L11"§1 (s1) — Hﬁll’gl (p1) || < e+ 91 and hence
dist <H§;1’§1 (s1),AN B) > dist <1‘[;‘le’§1 (p1), AN B) (e +8) = e
Let us finally set
¢ =T (s1) = TP (I (q0) -
Iterating the same argument as above, we can inductively obtain a sequence of sets

/Alh,éh C H, together with points ¢, € H and positive integers nj, m; such that, for
every h € N, we have:

(1) DH <A N ThBH,A\h) < 96h and DH (B, Eh) g 105h;

(i) grer = TP (47 (an)).
To prove that the pair (A, B) is not d-stable, let us consider the sequence { A}y of closed
convex sets in H defined by

~— —

A A AL ALA A Ay Ay A A Ag . A,
—_———  ——— —— — — — —
ni times m1 times no times mo times n3 times m3 times

and the the sequence { By}, of closed convex sets in ‘H defined similarly by

B,....B.By,....B.,B,... B,By,....By,B,....B.Bs,...,Bs,...
—_— —— —— —— Y—— Y———
ny times m1 times no times mo times n3 times m3 times

It follows from (i) and Fact 2.3 that the sequences {A,}, and {B,}, Attouch-Wets con-
verge to the sets A and B respectively. Therefore, so do the sequences {Ay}, and { By}
Consequently, considering the perturbed alternating projection sequences {a,} and {b},
with respect to {Ap}, and {By}), and with starting point g, we infer from (ii) that:

N
Ak = dN+1 where k’N = E Np + My,
h=1

Since ky — 0o as N — oo and dist (¢n11, AN B) > €, we deduce that the pair (A4, B) is
not d-stable. The proof is complete. |

The above result provides a full proof of Theorem A and answers positively the open
problem considered in Problem 1.2.
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4. OPEN PROBLEMS AND REMARKS

We established the equivalence between regularity and d-stability for a pair of closed convex
subsets (A, B) of H provided that AN B is nonempty and bounded (or more generally, the
best approximation sets £ and F' are nonempty and bounded). Example 5.2 in [6] shows
that regularity does not imply d-stability of the pair (A, B) when A N B is unbounded,
even in a finite-dimensional setting. The problem of whether d-stability implies or not the
regularity of (A, B) remains open.

Another interesting question is to determine if there exists a weaker regularity condition on
(A, B) which is equivalent to the norm convergence of the alternating projection method.

The convex feasibility problem for more than two closed convex sets is a rich field of re-
search, where the order (and the frequency) on which the alternating projections are taken
would potentially lead to different conclusions and unexplored notions of regularity.
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