A convexity criterion via the De Giorgi slope
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Abstract. Let X be a Banach space and f € C!(X) be bounded from below. We show that if for
some m > 1, the function = +— ||V f(z)||™ is convex, then f is convex. We also establish a more general
version of this result: if f is continuous and bounded from below, then it is convex, provided  — s (z)™
is convex for some m > 1, where s¢ denotes the (De Giorgi) metric slope of f.
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1 Introduction

In [2, Corollary 3.17] the following convexity criterion was established for C2-smooth functions in a
Hilbert space H:

* Let f € C*(H) be bounded below. If Va(x) = ||V f(z)||? is convex, then f is convex.

The aim of this work is to extend this criterion to nonsmooth functions defined on a Banach space X.
Notice that in principle, this is a challenging task, since the proof of the aforementioned criterion given
in [2], depends heavily on the Hilbertian structure as well as on the C2-smoothness assumption, since it
is based on the study of the second order system i(t) = 1 VVa(z).

As was the case in recent determination results (see [5, 6, 15, 17]) as well as in recent results relating to
Monge solutions of the Hamilton-Jacobi equations ([12, 13]), the modulus of the gradient ||V f|| is now
replaced by the local (or metric) slope s introduced by De Giorgi (see [1, 7] e.¢) and defined as follows:

e max{ ()~ £(0).0)
R

, foreveryz e X.

Our main result (see forthcoming Theorem 2.12) reads as follows:

* Let f € C(X) be bounded from below. If V,,,(x) := s;(x)™ is convex, for some m > 1, then f is
convex.

The proof of the above result will be given in the next section. As expected, the approach differs signif-
icantly from the one in [2] and borrows from techniques introduced in [8, 12].

In this work, we denote by
Crit(f) = {sy =0} :={x € X : s¢(x) =0}

the set of critical points of f. Notice that this is the set {V f = 0} in the smooth case.
A function f is called coercive, if ‘ lim f(z) = +o0, or equivalently, if the sublevel sets { f < r},r € R,

are Compact.



2 Proof of the main result

For the convenience of the reader, we first present an easy proof in the particular case of a C!-smooth
coercive function in finite dimensions.

2.1 A simple proof in the C'-setting

Given a C-smooth function f : R? — R and w € R%, we denote by ~,, the gradient flow of f starting
from w, that is,

{m(t) = —V/(u(®), >0,
Yw(0) = w.
If the curve {7, (t) }+>0 lies in a compact set (in particular, if f is coercive), then dist (v, (t), Crit f) == 0
In what follows, we shall use the following result.
Lemma 2.1. Let f € CY(R?) be coercive and ~,, the gradient orbit of f starting from w € R® Then, for
every sequence {t,}n>1 with t, — % there exist a subsequence {t,, }x>1 and p,, € Crit(f) such that

Ww(tnk) — DPw-
k—oo

Proof. Along the gradient orbit ~y,,, we have

d

2 () = V() - Ju(t) = ~IVf(r()I* < 0.

Thus f(y(t)) < f(w) for all ¢ > 0 and the curve 7, lies in the sublevel set {f < f(w)}, which is
compact, since f is coercive. Moreover,

/0 T IV )P dt < F(w) —inf f < +oo.

Since t — ||V f(7u(t))||? is integrable on [0, +00), we infer that lim; o ||V f (7 (t)) || = 0. Fix {t,}n>1
with limy, o0 ¢, = +00. Since the set {f < f(w)} is compact, there exist a subsequence {t,, } and a
vector p, € R? such that limy,_,o0 Y (tn, ) = pw- Since V f is continuous, we obtain V f(p,,) = 0 and so
pw € Crit(f), which completes the proof. O

We shall also need the following lemma.

Lemma 2.2. Let f € CHR?) be coercive and assume that Vo(x) = ||V f(x)||? is convex. Then Critf is
nonempty and convex and f is constant there.

Proof. Coercivity of f yields the nonemptiness of Crit( f). Notice that the (non-negative) function V5 is
convex and Crit(f) = {Vi = 0}. Therefore Crit(f) is convex. Take now any z,y € Crit(f). Then for
every s € (0,1), we have z + s(y — «) € Crit(f) and

it sly— ) = VI + sly =) -y~ ) =0,

=0

It follows that f(z) = f(y) yielding that f is constant on Crit(f). O



We are now ready to establish our main result in the particular case where f is C!-smooth and coercive.
Proposition 2.3. Let f € CY(RY) be coercive. Assume that Va(z) = ||V f(z)||? is convex. Then, f is convex.

Proof. Fix x,y € R Denote by 74,7, : [0, +00) — R? the gradient flows starting at = and y, respec-
tively, that is,

{%c(t) = _vf(’}/:c(t»v t>0 and {’Yy(t) = —Vf(’yy(t)), t>0 )

72(0) = Yy (0) =y
Set
iy = 200 00)
D) = 5 (F®) + FO(1)) — F(u(0).

We first prove that the function ¢ — D(t) is nonincreasing. First observe that

%f(%(t)) = (Vf(:(1)),%:()) = =IVF (=) = =Va(12(1)) for 2 € {z,y} andt > 0. (2.1)

It follows that

D(0) = 5 (Valru(o) + Valoy o)) + (V100

On the one hand, using the assumption that V5 is convex, we obtain

IV (0] = VTG < ) 2= L V00D )

On the other hand, using the convexity of the map w + ||wl|?, we have

V() + Vit o \/Vz(%(t))Jer(Vy(f))
2 2 '

V f(v2(t)) + Vf(’Yy(t))> . (2 2)
5 .

(2.4)

Combining (2.2), (2.3) and (2.4), we conclude that D" < 0 and hence it is nonincreasing. It follows that
D(0) > D(t) foreveryt > 0. (2.5)

We next prove that there exists a sequence {¢,} such that lim,,_,., D(¢,) = 0. Applying Lemma 2.1 for
w = z and subsequently, for w = y, we obtain a sequence {¢, },>1 and p,,p, € Crit(f) = {Vf = 0}
such that

Yo(tn) — pr  and vy (tn) — py.

n—o0 n—oo

Consequently, thanks to the continuity of f and the fact that f is constant on the convex set Crit(f)
(see Lemma 2.2), we deduce

Mannzlwma+ﬂ%»—fC”+%):o

To conclude, combining this with (2.5), we get D(0) > lim,,_.oc D(t,) = 0. Therefore,

F(55Y) = 30+ s,

Since f is continuous, we infer that f is convex, which completes the proof. O
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2.2 General case: detecting convexity from the slope in Banach spaces

In this subsection we shall prove the general case: f is merely assumed continuous and bounded from
below and we work in an arbitrary Banach space.

We shall first need the following result.

Lemma 2.4. Let X be a Banach space and let f € C(X) be such that sy € C(X). Let € : [a,b] — X be an
absolutely continuous curve. Then, it holds

F66) - £E@) < [ selélan, foraeya<s<t<e, (2.6)

Proof. First, consider the case in which ¢ : [a,b] — X a 1-Lipschitz curve. In this case, the inequality (2.6)
can be derived by combining [12, Proposition 4.5] and [8, Proposition 2.6], via the theory of eikonal
equations in metric spaces. In the sequel, however, we give a self-contained and direct proof based on
the lower Dini derivative, which avoids the machinery of viscosity solutions in general metric spaces.

Consider the function

F(t) .= f(&(t)) —I—/ sr(&(r))dr, fort e [a,b].

Recall that its lower right Dini derivative at t € (a, b) is defined by:

F —F
D, F(t) := liminf (t+h) (t)
h4)0+ h

Fix t € (a,b) and € > 0. By the definition of slope, there exists § > 0 such that

FEE) = fly) < (sp(6(1) +e)IE(t) —yll  for every y € Bs(&(t)).

Using the fact that ¢ is 1-Lipschitz, we have, for every 0 < h < min{4,b — ¢},

FEE+N)) = f(E(#) = =(s5(&() +)IEE) = & + M| = =(s£(£(1)) +€)h

Therefore, we obtain

F(t+ h})L — F(t) > —(sp(&(t) +¢e)+ ;L/Hh sp(&(r))dr  for every 0 < h < min{d,b — t}.

The continuity of sy o £ then yields

DyF(t) > —(s7(6(6)) + ) + s7(6(8) = —<.

Since ¢ > 0 and ¢ € (a,b) are chosen arbitrarily, we infer that D, F(t) > 0 for every ¢t € (a,b).
Therefore F is nondescreasing in [a, b] (see e.g. [3, Chapter 11, Corollary 4.2] or [10]). It follows that,
foranya <s<t<b

£e@) - @) < [ ssiemyar— [ s p(E(r)) dr = [ siteoan



It remains to prove (2.6) for an arbitrary absolutely continuous curve ¢ : [a,b] — X. Define the arc-
length function

) = /T||é(r)||d7, for r € [a, b],

and set L := {(b). The case L = 0 is vacuous. Assume that L > 0. Since ¢ is absolutely continuous, ¢
is continuous, nondecreasing and satisfies ¢/ (r) = [|£(r)]| for a.e. 7 € [a,b]. Since £(r1) = £(ry) implies
&(r1) = &(r2), the curve i : [0, L] — X defined by

n(l(r)) :=&(r), forr € [a,b],

is well-defined. Furthermore, if 0 < p; < po < L, we choose 1,79 € [a,b] such that ¢(r;) = p; for
i € {1,2}. Since / is nondecreasing, we may take 71 < ry and so

In(p2) = n(p1)l| = [1€(r2) = £(r)l < /r2 IE()]| dr = p2 — p1.

Thus 7 is 1-Lipschitz. Applying the result already proved for 1-Lipschitz curves, we obtain, for any
a<s<t<hp,

:/ Sf(n(ﬁ(T)))f’(T)dTZ/ spEM)IIED) dr,

where we have used that ¢/(7) = ||£(7)|| for a.e T € [a,b]. This completes the proof. O

Before we proceed, let us register the following immediate consequence of Lemma 2.4.

Corollary 2.5. Let X be a Banach space, f € C(X) and sy € C(X). Assume that K is a nonempty convex
subset of X and sy is bounded on K by a constant M > 0. Then f is M-Lipschitz on K.

Proof. Given z,y € K, apply (2.6) for the 1-Lipschitz curve £(t) := y+t (o) t € [0, [lz—y|]. O

We now recall a result from the theory of eikonal equations on complete length spaces. Roughly speak-
ing, the result states that, under the Monge condition s, = ¢, one can construct local curves starting
from any point along which u decreases almost optimally. We shall use this curve construction in the
sequel. The following statement is a consequence of Proposition 4.8, Proposition 3.5, and Remark 3.6

of [12].

Proposition 2.6. Let (X, d) be a complete length space and @ C X an open set. Assume that € is locally
um’formly continmous on X and infq € > 0. Assume that u is locally Lipschitz on Q such that

su(x) =L€(x) for every x € Q. (2.7)

Then, for every x € €1, there exists a su]ﬁciently small § > 0 such that for every n > 0, there exists a 1 —Lipschilz
curve § : [0, +00) — X satisfying £(0) = = and

u(w)> [ Ue@)dp+ulen) —n(+0). forewery0 <7 < R,
0
where R > 0 denotes the exit time of & from Bgs(x), that is,
R:=inf {r>0:£(r) & Bs(z)}.
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We obtain easily from the above the following result, which will be used in the sequel.

Corollary 2.7. Let X be a Banach space and f € C(X). Assume that s is locally uniformly continuous. Then,
Jor every x € X with sy(x) > 0, there exists 6 > 0 such that for every € > 0 there exists a 1-Lipschitz curve
o :[0,400) = X satisfying o(0) = = and

f(x) = f(o(r)) > /Orsf(a(p))d,o—s Jor every 0 < r <R,

where R is the exit time of o from Bs(z).

Proof. Since the functions f and sy are continuous and sy(x) > 0, there exists 6’ > 0 such that

my(z):= inf f>-c0 and 0< inf sy < sup sy < +oo.

By () By(@) ' " By(x)
— ——
=M =: M,

Consequently, thanks to Corollary 2.5, f is Lipschitz on By () with the Lipschitz constant M. Ap-
plying Proposition 2.6 to the case @ = By/(z), u = f and £ = sy, there exists 6 € (0,4") such that, for
every n > 0, there exists a 1-Lipschitz curve & : [0, +00) — X with £(0) = x satisfying

fla)= [ "sr(€(0)) dp+ FE() — (L + 7). for every 0 < r < Re, (2.)

where R¢ > 0 denotes the exit time of ¢ from Bs(z). Since f is bounded from below, we get, for every
17 < min{l,m,/2},
Re mgR,
fl@) =—my(x) +n= /0 sf(&(p)) dp — nRe > (my — n)Re > Tg

Hence

2(f(x) = my(a) + 1)

My

Rgg

Since R¢ is bounded by a quantity that depends only on f and z, it follows from (2.8) that
R
o) z it { [ ssteton o+ siere). 29)

where the infimum is taken over all 1-Lipschitz curves £ : [0, +00) — X with £(0) = z. Fixe > 0.
Then, by (2.9), there exists a 1-Lipschitz curve o : [0, +00) — X such that ¢(0) = z and

flx) = /DRU sf(o(p))dp+ f(o(Rs)) — €. (2.10)
For any fixed 7 € (0, R,), applying Lemma 2.4 to the case £ = o, we have
flo(r)) = flo(Rs)) < /TRU sf(o(p)) dp. (2.11)
Combining (2.10) and (2.11), we obtain
/Osf N dp+ f(o(r)) —e, forevery0<r <R,
which completes the proof. O



Lemma 2.8. Let X be a Banach space, m > 1 and let f € C(X) be bounded from below such that sy is
locally um’formly continuous on X. Then,for any v € X and € > 0, there exists 7y, : [0, +00) — X such that

72(0) = ,
Izl < 7 () foraet >0, (2.12)

and
flx) = f(rz(t)) > /0 s (v2(7)) dT — ¢,  forevery t > 0. (2.13)

Proof. The case sy(x) = 0 is vacuous. Assume that s7(z) > 0. We split the proof into two steps.

Step 1: Local existence. Fix z € X and € > 0. We prove that there exist 7, > 0 depending only on z and
acurve v, : [0, T;) — X such that

Fe®] < sF ()  aete(0,T) (2.14)
and .
f(@) = flya(t) > / 87 (ve(r))dr —¢, foreveryt € (0,T). (2.15)
0
First, let 6 > 0 be defined as in Corollary 2.7. Notice that

0< inf sfp(y) < sup sf(y) < +oo.

yE€B;s(x) yEB;s(x)
—_— T ——
=My = M,

Therefore, thanks to Corollary 2.7, there exists a curve o : [0, +00) — X with 0,(0) = = such that
|6(r)|| <1aer>0and

f(x) = floz(r)) > /01" sf(oz(p))dp —e  for every r € (0, Ry). (2.16)

Here, R, denotes the exit time of o, from Bs(z):
Ry :=inf {r > 0:0,(r) & Bs(z)}.

Since o, is 1-Lipschitz, R, > §. Define

" 1
o(r) .—/O md,{), r €10, Ry).

Since inf,¢fo g,) s7(02(r)) > ma > 0, @ is strictly increasing and C* on (0, R,) with

1
¢ (r) = —5—— foreveryr e (0,R,).
(r) Sy I(Ux(r)) ’ | )

Let 0 := @1 :[0,7,) — [0, R;) be the inverse of ¢. Since R, > §/2, we have

1)
T, = lim o(r) > ¢(6/2) > ———— >0 where M, := sup s5(y) < +oc. 2.17
T )2 5(0/2)2 0y s syl 217)



Set v, (t) := 04(0(t)) for t € [0,T;). Then v,(0) = z and for every t € (0,T}), we have

Therefore
Az ()] < lox(@@)10'(t) < 77 (1a(t)) forae. t € (0,Ty).

It remains to verify inequality (2.15) for ¢ € (0,7}). To this end, let ¢ € (0,7;) and apply the esti-
mate (2.16) for o, at §(t), to obtain

0(t)
f(@) = f((®) = f(z) — flo(0(2))) > /0 sf(oz(p))dp —¢

:/ s (0a(B()0 (r) dr — & = / S (a(7)) dr — €.
0 0

Step 2: Global existence. We shall prove the existence of a curve v, : [0,+00) — X with 7,(0) = z
satisfying (2.14)-(2.15) for all ¢ € [0, +00) (that is, we can take T, = +00).

Fix a continuous strictly increasing function & : [0, +o0o] — [0, €] such that
k(0) =0, k(T)<e foreveryT < +oc and k(+o0)=c¢.

For instance, we can take x(t) = e(1 — e~!) or k(t) = 2 arctant. Let A, be the set of all pairs (7', 7),
where T € (0, 400] and ~y : [0,7) — X is absolutely continuous such that v(0) = z,

15| < sp(y(t)™ " forae. t € (0,7T), (2.18)

and
flz)—f(v() > /0 s (v(s)) ds — k(T), for every t € (0,T). (2.19)

Due to Step 1, we observe that A, is nonempty. Indeed, let T}, be defined as in Step 1. Applying the
local existence result in Step 1 at x with any error n < k(T}) yields the existence of an admissible pair
(Ty,7) € Ay
For any (T',7), (T",7') € A, we write

(T,7) = (T",4") if T<T' and y'\m) = .

Observe that (A, <) is partially ordered.

Claim 2.9. Every chain in (Az, <) admits an upper bound.

Proof of Claim 2.9. Let {(T},7i) }ier be a chain in A,. Set T, = sup;c; T; € (0, +o0]. By total ordering,
the curves are compatible: if 7; < Tj, then ; = ~; on [0, T;). Thus we may define a curve -, on [0,7})
by setting

Y«(t) :==7;(t) whenever t < T;.

It follows directly that v, is absolutely continuous, ,(0) = z and

17 (8) ]| < 8?71(%(75)) fora.et € (0,T%).
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The curve v, also satisfies the inequality (2.19) for ¢ € (0,7%). Indeed, for any fixed ¢ < T}, there exists
i € I such that t < T;. Therefore, we have

f@) = f(() = fz) = fut) = /0 s§ (v(7)) dr = K(T3) = /0 s (1«(s)) ds — r(T%),

where we have used that x(T;) < k(7). We have proved that (T, ~.) € A;. Therefore, every chain in
(Ag, =) admits an upper bound in A,. O

Using Claim 2.9, it follows from Zorn’s lemma that (A, <) has a maximal element (Tjnax, 7). We prove
that Thhax = +00. Arguing by contradiction, assume that Tjax < +00. Notice first that for every
0 < 5 <t < Tmax we have:

Iv(s) —A(0)] < / )l dr < / 11y (7)) dr

N
(2.18)
Applying the Holder inequality for p = m and ¢ = -+ (where % + % = 1) we obtain:

m—1

[siaenar < ([ tlmdv)’; (/ ts’f*(w))wf”ldv)w =95 ([ spamner) "

Finally, using an estimate similar to (2.19) we obtain:

/ i ((1))dr < f((s)) = f(7(1) + w(T%) < f(x) —inf f+e.

Combining the above, we obtain:

m—1

Iy(s) =) < C(t—s)m where C = (f(z) —inf f+e)""

Since X is complete, the limit Z := v(Tinax) = limy 7, Y(t) exists.

If s;(z) = 0, take any o > 0 and define 7 : [0, Tinax + @) — X by

—n (@), 0<t < Thax,
. xZ, Tmax <t < Thmax + .

One can directly check that (Tyax + @, 7) € A, which contradicts the maximality of (Tinax, 7).

Consider the case s¢(Z) > 0. Let Tz > 0 be defined as in Step 1 (at ). Fix 0 < o < T5. Since & is strictly
increasing, we may choose
0 <1 < K(Tmax + @) — K(Thmax)-

Thanks to Step 1, there exists a curve vz : [0,7%) — X such that 4z (0) = Z and it satisfies (2.14)—(2.15)
with the error 7. Define 7 : [0, Tnax + @) — X by

~ ’V(t)a 0 <t < Thax,
() =
'Yf(t - Tmax)a Tmax <t < Thax + .



We shall prove that (Tinax + @,7) € A,. Observe first that 7 satisfies the estimate (2.18) for a.e t €
(0, Tinax + ). It remains to check that it satisfies (2.19) for every ¢ € (0, Tyax + ). It suffices to consider
the case t = Tyyax +t' for any ¢’ € [0, ). Using the monotone convergence theorem and the continuity
of f, we obtain

f(@) = f(7(Tmax)) = f(x) = lim  f(y(t))

t/‘Tmax
t Tmax
> dim [ SPEE) dr KT > / ST(F(r)) dr — #(Tmax + ).
/‘ max J() 0

Then, we have, for any ¢t = Thax + ' € (Thmax: Tmax + @)

Tmax
> /0 SPY(T)) dr = K(Toa) + [ 8T (2(7)) dr =1
= /0 87}1(:‘?(7')) dr — (77 + K(Tmax))
> [ G dr = KT+ ),

where the last inequality follows from the choice of . Thus, we have (Thax + @,7) € A, again
contradicting the maximality of (Tax,)-

In conclusion, we have proved that the maximal element (Tyax, ) of (Ag, <) satisfies Tax = +o00.

Using the fact that x(400) = €, we conclude that the curve v satisfies the desired estimates. This proves
Lemma 2.8. O

Before proceeding to our main result, we shall also need the following proposition.

Proposition 2.10. Let X be a Banach space. Assume f € C(X) and sy : X — R is convex. Then, sy is
continuous (and consequently, locally Lipschitz).

Proof. Since f is continuous, writing ss(z) as

(max{f(:z) — f(x+h),0}

sf(x) := lim  sup 2l

n—o0 1
0<||hll<

> , foreveryz e X,

:=¢n (x) (Isc function of z)

we deduce that s is a Baire-2 function and consequently Baire-measurable 1 The result follows directly
from [14, Theorem 6]. O

"Here, a Baire-1 function is a pointwise limit of continuous functions and a Baire-2 function is a pointwise limit of Baire-1
functions. In metric spaces, lower semicontinuous functions are Baire-1. A real-valued function g : X — R is Baire-measurable
if, for every nontrivial open interval I C R, there is an open set O C X such that the symmetric difference 7" (1) AO is a
countable union of nowhere dense subsets of X.
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Remark 2.11 (continuity of convex functions). It is well-known that in a finite dimensional space, every
convex function f with values in R is continuous. In every infinite dimensional Banach space, there exist
convex (even linear) real-valued functions, which are discontinuous. In all these examples, the functions
fail to be Baire-measurable.

One can provide a direct proof (communicated to us by G. Godefroy) of the fact that every Baire-
measurable convex function f from a Banach space X to R is continuous. Indeed, let z € X be an
arbitrary point. By a standard argument (change of coordinates), we can assume that z = 0 and f(0) = 0.
Setting C,, := {f < n}, forn > 1, we have that C,, is convex, absorbing and Baire (by assumption). Since
X = U,>1 Chn, there exists some ng € N such that G, is of second category. By [9, Lemme V1.4.2]
Cl, is a neighborhood of 0 and continuity of f follows.

Let us finally recall that completeness of the space X is essential: indeed, taking X = (coo(N), || - [|2)
(the space of eventually null sequences equipped with the 2-norm) we see that the lower semicontinuous
convex function f(z) = [|z||1 := Y, oy |2nl, for & = (2,)n € coo(N), is nowhere continuous.

We are now ready to establish the main result of this work.

Theorem 2.12. (convexity criterion via slope) Let X be a Banach space and let f € C(X) be bounded from
below. Assume that for some m > 1, the function V, := s+ X — Ris convex. Then, f is convex.
Remark 2.13. The assumptions in Theorem 2.12 are essential and the criterion is not reversible.

(i). The continuity assumption on f cannot, in general, be weakened to lower semicontinuity. Indeed,

let f : R — R be given by
{ 2, x#0,

1, z==0.
Then f is lower semicontinuous, bounded from below and nonconvex. However s7(x) = 4z is smooth
and convex.

(ii). The assumption that f is bounded from below is essential and cannot be omitted. For instance,
the function f(z,y) = 22 — y? is continuous and nonconvex but is not bounded from below. Moreover,
IV f(z,y)||? = 4(2? + y?) is convex. See also [2, Remark 3.18] for other examples.

(iii). The converse implication in Theorem 2.12 is false. Namely, convexity of f does not imply

convexity of st Consider
fl®)=V1+22, zeR.

Then f is convex, C', and bounded from below. However,
|z[™

. oNe /90 6 R?
1 +a2)m2 "

() = | (@) =

is not convex for any m > 1.

Proof of Theorem 2.12. Notice that if the function s; is convex, then so is the function s, for every
m > 1. Therefore, it suffices to establish the result for m > 1.

Notice that according to Proposition 2.10, the convex function s is continuous and consequently,
locally Lipschitz. Fix z,y € X and ¢ > 0. Thanks to Lemma 2.8, for each z € {x,y}, there exists a
curve v, : [0,400) — X such that v,(0) = 2,

=Dl < 7 (a(1))  forae t >0, (2.20)
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and

£(2) = fa(t)) > /0 Vin(1a(7)) dr — = for every t > 0. (2.21)

Set

p() =020 g )= L (0u0) + £0)) - Fu(D)

We first prove that for every ¢ > 0, one has D(t) — 2 < D(0). Indeed, it follows from (2.21) that

D) = D(0) < —5 [ (Vinoalr)) + Vinloy(r))) dr + 22 + £((0)) = £(u(0).
0

Applying Lemma 2.4 to the curve 4 : [0,¢] — X, we obtain

Fu(0) — f(u(t)) < / sp(u(r)la(r)]| dr.

Holder’s inequality then yields

m—1

/Ot sp(p(r) () lldr < (/Ot Vm(u(r))d7>71" </Ot . dT)

On the one hand, it follows from the convexity of V}, that

t 1 t
| Valutondr < 5 [ Vit + Vit ar

On the other hand, recall that for each z € {z,y}, one has |5, || < s?”fl(yz(t)) for a.e t > 0. Hence the

convexity of the map w ~ |lw||7-T yields

b _m_ L[ty _m_ . _m_ 1 [t
[ wan# de <5 [ (a7 + 5e17) dr < 5 [ Viala(o) + Vst ()
Therefore, .
F0) = F(0) < 5 [ Vi) + Vit ()

which yields
D(t) — D(0) < 2e. (2.22)

We now quantify the difference between f(u(t)) and f(7:(t)) for each z € {z,y}. Fix z € {z,y} and
t > 0. Applying Lemma 2.4 to the straight-line segment connecting 7,(t) and u(t), we get

1
(1) — F(ut) < / sp(ult) + 7(72(t) — p(t) | 9=() — p(t) | dr
&(7) (1)
1
_ /0 Vi (1(8) + 7(7- () — u(8) /™ [=(2) — ()| dr

< (Vi () + Vi (i ONY™ [l (8) = (D),

(2.23)
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where convexity of V,, is used to obtain the last inequality. Furthermore, it follows from (2.20) and
Holder’s inequality that

m—1
m

e 2l < [ Ia(rlar < (/ ts;”mm)df) <.l

where C, := (f(z) —inf f+¢) (m=D/™ Therefore, there exists a constant C' > 0, depending on f,z,y
and ¢ > 0, such that
[72(t) — p(t)]] < CtY/™  for every t > 0. (2.24)

Combining (2.23) and (2.24), we arrive at
FO=(0) = () < CE™ (Vi (1)) + Vin (3 (1))
By a similar argument, we obtain
[F(r=(0) = f((®)] < Ct/™ (Vi (3a(1)) + Vin(ry ()™ for every ¢ > 0 and 2 € {z,y}. (2.25)
To continue, we need the following fundamental fact.
Claim 2.14. Let h € LY (R4, R.). Then there exists a sequence {ty }», such that

tn, — oo and t,h(t,) — 0.

n—0o0 n—oo

Proof of Claim 2.14. Arguing by contradiction, assume that there exists ¢ > 0 and T > 0 such that
th(t) > ¢ for every t > T.

/ h(t)dtzg/ — = +o0,
T T U

which contradicts the fact that & is integrable. O
Thanks to (2.21), we observe that

/0 T V(e (0)) + Vinlry (6)) dt < +0.

Therefore, applying Claim 2.14 to the case h(t) = Vi, (72(t)) + Vin(vy(t)), there exists {¢,} such that

t, — ooand
n—o0

It follows that

tn (Vm(%(tn)) + Vm(vy(tn))> — 0asn — oo.
Substituting ¢ = t,, into (2.25), we obtain
1
D] < 5 (1£Cralt) = £t + 1Oy 0)) = Flt)]) 50 2= ox.
We have proved that there exists a sequence {¢,} such that

lim D(t,) = 0. (2.26)

To conclude, combining (2.22) and (2.26), we get D(0) > —2e. Since € > 0 is chosen arbitrarily, we
deduce D(0) > 0, equivalently

F(55Y) < 50@+ 1)

Therefore, f is convex, which completes the proof. O
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2.3 Inducing regularity from the slope

In this last subsection, we complete the previous result by observing that in the Hilbert case, continuity
of the slope mapping s induces some extra regularity on f. This is the aim of the following proposition.

Proposition 2.15. Let H be a Hilbert space and f : H — R be a lower semicontinuous convex function with
continuous slope s¢. Then, f € C*(H).

Proof. We first prove that the convex subdifferential 9 f is a singleton at every point in . Indeed, arguing
by contradiction, we assume that there exists z € H such that 9 () is not a singleton. Then, there exists

&o € 0f(z) with & # &, where {¢;} = argmin{|[¢]| : € € 0f(Z)}. Consequently,

1€oll > Izl = om €]l = 57 (). (2.27)

Denote e := &/||&||. For any fixed ¢ > 0, it follows from the monotonicity of df that
(n—&o,te) >0 foreveryn e df(z + te).

Hence, using the Cauchy-Schwarz inequality and the fact that ||e|| = 1, we get
7l > (€} > {€o,¢) = ol for every n € BF (& + te).
Taking the infimum with respect to 7, we obtain
sp(x + te) > ||&]| for every t > 0,
which, thanks to the continuity of slope, leads to

37(@) = lim sz +te) > o]

which contradicts (2.27). Therefore, f is singleton at every point in H.

To conclude, we will prove that V f(-) is continuous. Let {x,,} C H and = € H be such that z,, — x as
n — oo. It follows that |V f(z,,)|| = [V f(2)| as n — oo. Hence {V f(xy,)},, is bounded and so there
exist £ € H such that, up to a subsequence, V f(z,,) — £ as n — co. One can show that £ € 9f(x) and
hence ¢ = Vf(x). Since {V f(z,)} converges weakly and in norm to V f(z), we infer that it strongly
converge to V f(z). Proposition 2.15 is proven. O

As a direct consequence of Theorem 2.12 and Proposition 2.15, we obtain the following result.

Corollary 2.16. Let H be a Hilbert space. Let f € C(H) be a bounded from below such that s} is convex, for
somem > 1. Then, f is a C* convex function on H.

We shall now show that the above result is essentially optimal, in the sense that we cannot obtain better

regularity on f, even if we assume more regularity on s.

Proposition 2.17. Let 3 € (0,1]. Then, the following assertions hold true:

(i) If f € CY(R) and its slope | f'] is locally B—Hlder, then f is of class 1P (R).

loc
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(i4) There exists a convex C* function f : R? — [0, +00) such that ||V f|| is locally B—Hélder but the gradient
V f fails to be S—Holder around the origin.

Proof. (i) Fix € R and choose § > 0 sufhciently small. Set I := [z — 6,z + §]. Since |f’| is locally
B-Holder, there exists C; > 0 such that

1) = [F](v)] < Crlz —yl? for every z,y € I.

We claim that f’ is S—Holder on I. Fix z,y € I. The case f/(z) - f'(y) = 0 is immediate. If f'(z) and
['(y) have the same sign, then

1f'(@) = F'w)l = |1 1(x) = |f'|(v)] < Cila—yl°.

It remains to consider the case in which f’(z) and f’(y) have opposite signs. By the continuity of f/,
there exists 2z between z and y such that f/(z) = 0. Hence

|f'(z)] < Crlz — 2|7 and |£'(y)| < Crly — 2|7
The concavity of the map r rP implies that
z— 2P + |y — 2| <27 (|l — 2| + |y — 2))P = 2P|z — y)f.

Therefore,

(@) = f' ()] < 1 @) + | ()] < 2'PCrlz —y)°.
Thus f’ € C%#(I). Since # was arbitrary, we conclude that f € Cll.f(}R).
(i1) Fix 0 < 8 < 1 and define

fla) = &+ Tl for () € B2

Observe first that f > 0, f € C*(R?) and is convex. Also a direct computation yields

Vi(@y) = (e"sen(y)|yl”?) and  V(z,y):=Vf(z,y)ll = (> +]y°)

It is straightforward to see that V f is locally (8/2)-Holder and fails to be f-Holder around the origin.

1/2

We claim that V' is locally g-Hélder. Fix (z,7) € R? and let K C R? be a compact neighborhood of
(%, 7). For z = (z,y) and 2’ = (2/,9') € K, we have

[ =2+l - W17
(62x+ ’y|6)1/2 + (6250/ + |y/|,8)1/2

V() = V) = (2 + Iyl?) " = (2 + Iy')7) 2| =

Since 2® > 1 for all z € R, we get

1 / 1
V() = V) < 51 =+ 21yl — Iy,

Note that z +— €%* is smooth in R and for 0 < 8 < 1, the map ¢ ~ [t|* is globally s~Hélder on R.
Therefore, there exists Cx > 0 such that

V(2) = V()| < Ck(lz — 2P + |y - ¢/|°) < Cklz — 2P forall 2,2’ € K.
Hence V = ||V f]] is locally f—Hélder. This completes the proof. O
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Remark 2.18.

(i) For B € (1/2,1], the function in Proposition 2.17—(ii) can even be chosen to be bounded from

below and to have convex squared slope. Indeed, fix p € [1,203) and set

a) == sen()yPPVIT P and  flay) == ¢ + /qumdt.

Then f > 0, f € C'(R?) and f is convex, since e® is convex and ¢ is nondecreasing. A direct
computation yields

Vi(z,y)=(e"q(y) and ||Vf(z,y)*=e"+[yl+ |y

Hence ||V f||? is convex and the slope ||V f|| is locally Lipschitz, whose proof is similar to that of
Proposition 2.17-(ii).

However, since p/2 < 3, we have

—q(0
W - ’y‘p/2—ﬁ 1+ |ylP — 40 asy — 0.

Therefore V f is not S—Holder at the origin.

Proposition 2.15 shows that Holder regularity of ||V f|| cannot, in general, be transferred to Holder
regularity of Vf. This is in sharp contrast to the rigidity phenomena for the classical eikonal
equation
IVfII =1,

as studied by Caffarelli-Crandall [4] and Ignat [11]. The point is that these results use the con-
stant slope to establish the Cllo’i estimates for solutions, not merely regularity of the scalar field
|V f||. Assertion (i¢) shows that once the identity ||V f|| = 1 is replaced by the weaker assumption
IV f]| € 25, the regularity of the slope no longer controls the regularity of the gradient.

loc?
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