Differentiable functions with surjective Clarke Jacobians
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Abstract. We construct, for any n,m € N\ {0}, a differentiable locally Lipschitz function
f:R™ — R™ which is C' on the complement of an #i-null set £ C R” and has the property
that the range of its limiting Jacobian on E contains the family of all nonempty compact connected
sets of (mxn)-matrices. As a consequence, the Clarke Jacobian J.f is surjective, that is, its range
contains every nonempty compact convex subset of (mxn)-matrices. This reveals a significant differ-
ence between differentiable functions and C'-functions, since for a C'-function the Clarke Jacobian
is always a singleton. As a by-product, we also obtain examples of C!-smooth functions from R"™ to
R™ (for any n,m € N\{0}) with surjective derivative, that is, Im(Df) = R"™*".
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1. MAIN RESULTS AND STATE-OF-THE-ART

A function f : R®™ — R™ is called locally Lipschitz if for every € R", there exist § > 0 and
L > 0 such that

(1) 1f (@) = fWll < Lilz—yll, forall z,y € B(z,9),

where || - || denotes both norms in R™ and R™ and B(z,d) stands for the open ball centered at =
with radius ¢ > 0. If (1) holds for all z,y € R™ then we say that f is Lipschitz and define its Lipshitz
constant Lip(f) as the infimum of L > 0 for which the above inequality holds true.

For any differentiable locally Lipschitz function f : R™ — R™, the limiting Jacobian Jr f(x) of f
at z € R™ can be defined as follows:

(2) Jof(x) = {Q e R™™: F{ap}tr C R converging to z, Q = klirjra Df(xk)} .
1
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This gives rise to a multivalued operator Jr f : R™ = R™*" which associates to every z € R" a
compact subset Jr, f(x) of R™*" with Df(x) € Jrf(x). Moreover, Jf(z) = {Df(z)} if and only if
the derivative mapping Df : R™ — R™*" is continuous at x. Notice that

gph (J1.f) = gph (D),

where gph (D f) denotes the graph of the derivative and gph (Jpf) = {(z,Q) : Q € Jpf(x)} stands
for the graph of the multivalued map Jr, f. The size of Ji, f(z) reflects, in some sense, the degree of
discontinuity of the derivative of f.

In this manuscript we construct a differentiable, locally Lipschitz function f : R™ — R™ that is
able to represent every nonempty, compact, connected subset of R™*™ as limiting Jacobian at some
point. More precisely, denoting by H; the one-dimensional Hausdorff measure and by K(R™*") the
set of nonempty compact connected subsets of R™*™ we establish the following result.

Theorem 1.1 (main result). For any n,m € N\{0}, there exist a differentiable locally Lipschitz
function f:R™ — R™ and a subset E of R"™ with H1(E) =0, such that

(3) Jof(E):={Jpf(z): z € E} = KR™"™)  and f e CHR™E).

The above result has a straightforward consequence for the Clarke Jacobian J.f. We recall that
this latter is defined as the convex envelope of the limiting Jacobian, that is,

Jef(x) :=conv (Jpf(z)), forevery z € R".

Denoting by Kcony (R”™*™) the set of nonempty compact convex subsets of R™*™ we obviously have
Jef(x) € Keony(R™*™) and we deduce easily from Theorem 1.1 that J.f actually takes all of its
possible values.

Corollary 1.2 (surjective Clarke Jacobian). Let f : R™ — R™ be given by Theorem 1.1. Then the
Clarke Jacobian map Jof(x) : R™ = Keony (R™*™) is surjective. In particular,

(4) Jf(E) :={Jcf(x): 2 € E} = Keony(R™*™).
Surjectivity can also be asserted for the limiting Jacobian map J f in case m = 1. Indeed, the

derivative Df of a differentiable function f : R™ — R satisfies a Darboux-type property (c.f. [9]):

— for every convex compact subset B of R™ with nonempty interior,
theset Df(B):={Df(2'): 2’ € B} is connected.

Therefore, if the function f is differentiable and locally Lipschitz, setting By := B(z, 1/k) (the closed
ball of radius 1/k and center x) for every k > 1, the set D f(Bj) is nonempty compact connected
in R® = RY" that is, Df(B;) € K(R") and the same is true for the limiting Jabobian Jy, f(x)
—also called limiting subdifferential and denoted Or, f(x)— since it can be written as intersection

of nested compact connected sets, that is,

Jof(x)=0pf(x) = () Df(Bk) € K(R™).

k>1

Thus, for m = 1, Theorem 1.1 asserts that the limiting Jacobian (subdifferential) 9y, f is surjective.
In particular,

(5) OLf(E) =0 f(R") = K(R"),  where Hi(E)=0 and fecCHR™F).
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Remark 1.3. Notice that in Theorem 1.1 no surjectivity assertion can be made for the limiting
Jacobian if m > 2, since in this case Jr f may also take disconnected values. To see this, consider
the (differentiable Lipschitz) function g : R — R? defined by

(t2sin(t™1), t2 cos(t™1)) ift #0,
0,0) if t = 0.
and notice that Jrg(0) = {Q € R?*!: Q2+ Q3 =1 or Q = (0,0)}, which is not connected.

teR—g(t) ::{

Recall that for a Cl-function f we have J.f(z) = Jpof(z) = {Df(x)}, for all x € R". As a
by-product of our approach we obtain the following surjectivity result.

Theorem 1.4 (surjectivity of the derivative of a C!-function). For any n,m € N\{0}, there exists
a Cl-smooth function f: R™ — R™ with surjective derivative map, that is,

Im(Df) = R™*".

State-of-the-art. It has been recently shown that given any nonempty compact convex (respec-
tively, connected) subset K of R™*™  there exists a Lipschitz function f : R — R (depending
on K) such that J.f(0) = K (respectively, J.f(0) = K), see [2, Theorem 1.1] (respectively, [1,
Theorem 1]). Moreover, the function can be taken C* on R™\ {0} and differentiable at 0. In ad-
dition, exploring symmetries in the construction, the authors of [1, 2] were able to ensure that
Je(flp)(0) = K|p (respectively, J.(f|»)(0) = K|p) for every subspace P of R".

In this setting, Corollary 1.2 (respectively, Theorem 1.1) partially improve the aforementioned
results, in the sense that there exists a common differentiable function f which represents all sub-
sets K belonging to the family of interest: nonempty convex (respectively connected) and compact.
These sets are now recovered as Clarke (respectively, limiting) Jacobians at some point of an H;-
null subset £ of R”. On the other hand, we can only ensure that f is C' on the complement of E
(instead of C*°) and these representations are no longer stable when intersecting with a subspace.

For the real-valued case (that is, m = 1) a locally Lipschitz, differentiable function f:R"™ — R
has been constructed with the property that every compact connected (respectively, convex) subset
of R™ with nonempty interior belongs to the range of the limiting (respectively, Clarke) subdif-
ferential ([5, Theorem 3.16]). The restriction of nonempty interior was an intrinsic limitation of
the construction given in [5, Theorem 3.16] (only sets that had nonempty intersection with a pre-
determined countable dense set could be recovered). In view of Theorem 1.1, this assumption can
now be omitted and every nonempty compact connected set can be recovered. In addition, the
result holds for every m > 1, see (3)—(4).

Our approach borrows from [5] the idea of coding the set of interest, which is now the set
K(Brmxn) = {C € K(R™ ") : C C Bgmxn}, as a continuous surjective image of the Cantor set A.
This being said, our current proof differs significantly from the one in [5]. First, the aforementioned
coding is now carried out in a particular way that guarantees the existence of a continuous selection.
Moreover, we use a specific way to approximate and eventually represent compact connected subsets
that contain 0. Finally, the construction uses a version of the Whitney extension theorem, which
now replaces the explicit construction given in [5],

Remark 1.5 (alert on the definition). The limiting Jacobian was mainly coined and defined for
nonsmooth locally Lipschitz maps, which is particularly relevant in Optimization and in Control
theory, see [4, Chapter 2]. In this case the elements of the set Ji f(x) are used as substitutes for
the derivative, whenever this latter does not exist (this only happens in a zero-measured set, due
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to Rademacher theorem). The original definition of Jz, f(x) in the nonsmooth case differs slightly
from the one given in (2). This latter is in fact a simplified equivalent definition valid only for
differentiable locally Lipschitz functions.

2. NOTATION AND PRELIMINARY RESULTS

Notation: R™ and R™ are hereby equipped with Euclidean norms denoted indistinctively by || - ||.
The space of linear operators from R" to R™ is denoted by R™*™ and it is equipped with the
operator norm: for @ € R™*"

)

QI == max{||Qx| : [lz[| <1}.

Note that, to simplify the notation, we use the same symbol ||-|| for the norms of R, R™ and R™*™.
We sometimes use the notation (@, z) to refer to the matrix product Qz between @) € R™*™ and
x € R™. Given a € R, we denote by (a,0,_1) the vector (a,0,...,0) € R™. For instance, the first
canonical vector e; € R™ is also denoted by (1,0,-1). Vectors in R” and R™ will be always denoted
with lowercase letters and matrices in R™*™ with capital letters. Finally, we denote by Bgn(z,7)
(respectively, Bgrmxn(z,7)) the open ball of R™ (respectively, of R™*™) centered at x with radius
r > 0. If z = 0, we then simplify notation and write rBgrn = Bgn(0,7) and rBrmxn = Brmxa(0,7).
In particular, Bgmxn stands for the closed unit ball of R™*™,

Given a nonempty subset B in R™*" we denote by K(B) the family of all nonempty compact
connected subsets of B, that is,

(6) K(B) :={K C B: K is nonempty, compact and connected}

and endow the above set with the Hausdorff distance, that is,

@ Du(fs, Ka) = o { sup d(o Ko). sup d(e. o) b, for Ky, K € K(B),
reKy reKo

where d(z, K) := inf {||z —a| : a € K} for every K C R". It is well-known that if B is compact,
the metric space (K(B), Dy) is compact, therefore, there exists a continuous surjective map from
the Cantor set A to K(B) ([8, Theorem 4.18] e.g.). We shall also consider two particular closed
subspaces of (B), namely,

(8) KB):={KeKB): 06 K} and Keon(B)={K € K(B): K convex}.
Therefore, both K°(B) and Keony(B) are compact metric spaces. In addition, (Keony(B), Dy) is

also a geodesic space when B is convex. (We refer to [5] for more details.)

In what follows, our objective is to establish the following.

Theorem 2.1. Let n,m € N\{0}. There are a differentiable Lipschitz function ® : R™ — R™ with
bounded support and a subset E of R™ with Hi(E) =0, such that ® € C'(R"\E) and

(9) KBgmxn) = JL®(E) C JL®(R™) C L(R™*™).
That is, for any K € K(Bgmxn), there exists vx € E satisfying JL®(rvx) = K.

Before we proceed, we observe that Theorem 1.1 is a simple consequence of the above result.

Proof of Theorem 1.1 (assuming Theorem 2.1).

Let & : R™ — R™ be the function given by Theorem 2.1 and denote by supp @ its support. By
assumption, supp ® C rBgrr for some r > 0. Let k& > 0. Then the function

O z(z) =k®(x—2), xe€R",



satisfies K(k Brmxn) C J @ z(R") C K(R™ ") and supp @ z C Bgrn (7, 7).
Denoting by e; = (1,0,-1) € R” the first canonical vector of R", we set Zj := 3kre; and &y = Py, 5,
for k € N. Then

supp @y, Nsupp Px, = 0, for ki # ko

and we can easily check that the function

fl@)=> " ®p(z) =) kd(x— 3kre)
k=1

k=1
satisfies the conclusion of Theorem 1.1. O

Let us first recall a version of Whitney extension theorem for vector-valued functions that we are
going to use. It is a special case of [6, Theorem 3.1.14].

Proposition 2.2 (Whitney extension for vector-valued functions). Let ¥ C R™ be a nonempty
compact set and let o : X — R™ and § : ¥ — R™*™ be functions that define a family of 1-jets
{Ps}sex (polynomials from R™ to R™ of degree one) as follows:

(10) P,(z) =a(o) + (B(o),x — o), forallxz € R™.

For § > 0 consider the quantities:

Po‘ _PO'
(11) po(8) :=  sup {” 2(01) = P @)l 15— 35}
01,02€% H(71 _U2H
and
(12) p1(0) == Sup {{|DPs,(01) — DPy (01)|| : 0 <|lo1 — 02| < 6}
01,02

and assume that

li 0) = li 0) =0.

lim po(8) = lim p1(5)
Then there exists a Ct-smooth function g : R — R™ such that g|s = a and Dgls, = B (that is, the
1-jet P, given in (10) is the first-order Taylor polynomial of g at o).

Proof. Tt follows from [6, Theorem 3.1.14] for the special case where A = ¥ is compact, Y = R™
and k = 1. O

3. PROOF OF THE MAIN RESULT

In this part, we shall exclusively focus on Theorem 2.1 from which, as we show in the previous
section, our main result (Theorem 1.1) follows. Before we give the complete proof of Theorem 2.1,
let us outline its main steps for the reader’s convenience.

Step 1. There exists p > 1 such that for every ¢ > 0 and any finite (not necessarily injective)
sequence A = {Q;}f_, € R™™ with Qy = 0 and ||Q;+1 — Q;]| < € there exists a C> function
P4 R® — R™ satisfying

supp ¥4 C Bgn and A CIm(DVy4) C A+ pe Brmxn.



Step 2. For every C € K°(Bgmxn) (compact connected subset of the unit ball with 0 € C') there
exists a differentiable function ¥ : R™ — R™ with bounded support, C*° on R™\ {0} such that

J10(0) = C.

Step 3. We codify the (compact metric) set K(Brmxn) on the Cantor set A in a way that admits
a continuous selection, that is, there exists a continuous function V' : A — Brmxn and a continuous
surjection h : A — IC(Bgmxn) such that

V(t) € h(t), for every t € A.

Step 4. Applying Whitney extension theorem (Proposition 2.2), we obtain a C'-smooth function
g : R" — R™ such that Dg(t,0,-1) = V(t), for every t € A.

Step 5. We set

(13) H(t) == h(t) — V(t) € K'Bgmxn)  and  [0,1NA = G(&,ri).
=1

Using Step 2, we construct a differentiable Lipschitz function ¥ : R — R™ with bounded support
such that for every i € N

JL\I’((éi,Onfl)) = H(&) and JL\IJ((’I“i,Onfl)) = H(’I“Z)

Moreover, the function ¥ is C* on R™ \ (A x {0}"~!) and DV vanishes on A x R"~!. Therefore,
Jp¥(x) = {D¥(2)}, for all x € R™\ (A x {0}~ 1). On the other hand, since J, ¥ has a closed graph
and H is Dg-continuous, we deduce from (13) that

JrU((t,0n-1)) = H(t), for every t € A.

Step 6. The function ® = g + V¥ satisfies the conclusion of Theorem 2.1.

We shall now proceed to the proof of Theorem 2.1 according to the above steps. In what follows,
we fix n,m € N\ {0}.

3.1. Steps 1-2: representation of any element of KX°(Bgmxn) as limiting Jacobian. This
part is inspired by the aforementioned works [1, 2]. In particular, the following lemma can be
deduced from [1, Lemma 3]. We include a short proof for completeness.

Lemma 3.1 (representing a matrix as Jacobian). There exists p > 1 such that for every matrix
Q € R™* " there exists a C*°-smooth function g : R" — R™, with Lip(pq) < p||Q| that satisfies
supp ¢ C Brn and

po(x) =Qx, forallx e 27! Bgn.
Proof. Take any C*°-smooth bump function ¢ : R" — R with supp ¢ C Br» and ¢[y-1p,, = 1 and
set pq(z) == ¢(x) Qu, for all z € R™. Indeed, ¢q is p||Q|-Lipschitz, with p = ||¢||cc+ || D@|loo. O

From now on, we fix p > 1 to be the constant given by Lemma 3.1. From the above lemma, we
readily get the following result.
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Lemma 3.2 (recovering a discrete e-path by Jacobians). Let e > 0 and A := {Qg}i_, C R™™ be
a finite sequence of matrices (with possible repetitions) such that, Qo = 0 and ||Qr+1 — Qx| < € for
all k € {0,...,£ — 1}. Then, there exists a C*-function @4 : R™ — R™, with supp 4 C Bgn, such
that

{Qr}i—o CIm(Dpa) C {Qr}tio + pe Bro.

Proof. Let ¢ := @, ,,-q, be the C*°-function obtained in Lemma 3.1 corresponding to the matrix
Q = Qg+1 — Qx, for k € {0,...,¢ — 1}. Clearly, Lip(¢x) < pe. Notice that the C**-smooth function

gr(z) =27 (2% z), = eR”,
satisfies supp @ C 272 Brn and @y (z) = (Qpy1 — Qr)z, for every z € 2~ (k1) By, that is,
D@y o-c2+1) By = Qrv1 — Qs for every k€ {0,....,0 —1}.
We now define the C*°-function ¢4 : R® — R™ by

/-1
palz) = Zz—% (2%*2z), for all z € R™.

f
()

Since

J
ZDQZDR(.’L‘) =Qj41, forallze 2~ 2+ B, and je{0,...,0—1},

we easily conclude that for every j € {0,...,£ — 1} and every x € (2_(2j+1) Brn )\ (2_(2j+2)B]Rn)
we have Dy 4(x) = Zi_:% D@y(x) = Qj4+1. The assertion of the statement follows easily. O

The following lemma provides adequate approximations of compact connected sets by e-paths
(which are representable by the previous lemma). This is an intermediate step to deduce their
representability by a limiting Jacobian.

Lemma 3.3 (approximating compact connected sets by e-paths). Let K C R™*™ be compact,
connected such that 0 € K and let € > 0. Then, for any finite e-net A C K, with 0 € A, there exists
a surjective (not necessarily injective) enumeration {Qk}izo of the elements of A such that

Qo=0 and ||Qrr1 — Qkll < 3e, forall k € {0,....,0 —1}.
Proof. 1t follows from the fact that K is a compact connected set and that K C UgeaB(Q,2¢). O

In the next lemma we construct functions with controlled oscillation and with two prescribed
limiting Jacobians.

Lemma 3.4 (recovering two compact connected sets by Jacobians). Let 0 </ <r <1,0<e<1
and Cy, G, € KO(Brmxn) (compact connected subsets of Brmxn containing 0). Then there exists a
differentiable, Lipschitz function ¢ = 1,2 R™ — R™, which is C* on R™  {(¢,0n,—1), (r,0n-1)},
such that
(1) supp ¥ C Usepen Bgn ((t,0,1),pt) where py:=271 min {t — £, r — t}.
(“Z) JLWE, On—l) =Cy and J[ﬂ/}(rv OTL—l) =Ch.

Moreover, for any x = (x1,...,x,) € R", we have

(14) lo(@)]| < min {J¢ - a1%, |r - 21}
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—/
Proof. Consider two sequences {c;}; C [€,€ + 7'3} and {c}}; C [r —

1 r—~{ ; 1 r—4{ ,
(15) €+]—+—1< 3 > and Cj—'l",< 3 >,f0rallj€N.

,7} defined as follows:

Then {c;}; converges decreasingly to £ and {c}}; converges increasingly to r. For any j € N, let
Aj C Cyp and A C C, be finite 3p(] —1y-nets of Cy and C), respectively. Then, combining Lemma 3.3
and Lemma 3. 2 we deduce that there exist C*°-functions ¢4, : R" — R™ and ¢ FUE R"™ — R™ with
support contained in Brr such that

£ €
(16) A; CIm(Dpa;) C Aj+ (]—i-l) Brmxn and Al C Im(DgoAz_) C Aj+ (j—i—l) Brmxn.

Take a decreasing sequence {J;};>1 C (0,1) converging to 0, with the property that the intervals
I = (Cj—5j,0j+5j), j €N

are mutually disjoint. For this, it is sufficient to have

r—/ r—/¥ 1 1
17 5 1) < 24 < — .
a7) OIS 2055 30 < 3 ><j+1 j+2>

We shrink further the values of {d;};>1 if necessary, to ensure that

: 2
(18) 55 max { o loos 0as oo b < main {e; = 85— 6,7 — & = 6,1
Then we set for every j > 1 and x € R"
Pi(x) =2718; A, (267 (@ —¢j))  and  @i(x) = 27165 (267 (2 — ¢f)).

Notice that, thanks to (17), the functions {@;}; U{@’}; are C** and have pairwise disjoint supports.
It follows that the function v : R™ — R™ defined by

oo

P(x) =Y (g5(x) + Fj())

=0
is Lipschitz, C*°-smooth on R"™\{(¢,0,-1), (r,0,—1)} and satisfies (7). Thanks to (18), we have
(@)l < min {[€ — a1, [r — 21},
which ensures that ¢ is differentiable at both points (¢,0,_1) and (r,0,_1) with derivative
Dy(¢,0,—1) = DY(r,0p,—1) = 0.
We deduce easily from (16) that v satisfies (ii). Finally, since
lim max {dH A;,Cy), dH(A;,Cr)} =0,

j—0
and (16), we deduce that

Jry(l,0nh—1) = Cy and Jr(r,0p—1) = Cy.
The proof is complete. O
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3.2. Step 3: a coding of K(Bgrmx») that admits a continuous selection. We first recall that
if the set B is nonempty and compact, then the metric space (K(B), Dy ) is compact, where Dy
denotes the canonical Hausdorff distance.

Lemma 3.5 (coding with a continuous selection). Let B C R™*™ be a nonempty compact set.
Then there exists a continuous surjective function h : AN — (K(B), D) that admits a continuous
selection. That is, there is a continuous function V : A — B such that

V(t) € h(t), forallte A.

Proof. Since (K(B),Dp) is a compact metric space, there exists a continuous surjective function
hi: A — K(A). Since h; is continuous with respect to the Hausdorff distance and B is compact,
the set

A= (B x @) = {(t,Q) eRXxR™™: te A, Q€ h(t)}

teA

is compact and consequently, there exists a continuous surjective function ho : A — A. Let now m;
and w9 denote the canonical projections of R x R™*™ onto R and R™*" respectively and define the
(continuous) functions

h=hiomohy and V = myo0 hs.
It follows easily that h is surjective and that V(t) € h(t), for all t € A. O

3.3. Steps 4-6: construction of the function. Let {{;}; and {ry}; be two injective sequences
such that

(19) [0,1]\A = U (L, 7E) (disjoint union of open intervals).
k=0
Let us consider the functions
h: A\ — /C(ERnxm(O, ].)) and V. JANE=S ERnxm(O, 1)

given by Lemma 3.5. We extend the selection V (defined on A) to a function V : [0,1] — R™ by
linear interpolation:

(20) Vt) = <7;k—_€tk> V() + (:{-2) V(ry), forallte (4, rp).

Notice that V is a continuous extension of V from A to [0,1]. We set
Y :=10,1] x {0}p—1
and define the function
o — R
{ a(o) = a((t,0,-1)) = fg(V(s), e1)ds, for every o = (t,0,-1) € X,
where e; = (1,0,_1). We also define

B: % — R™"
B(o) = B((t,0n-1)) = V(2).

(21)

(22)
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We aim to apply Proposition 2.2 (Whitney extension theorem) and show that the function o : ¥ — R™
admits a Cl-smooth extension g : R® — R™ satisfying Dg(t,0,_1) = V(t), for all ¢ = (¢,0,_1) € %.
To this end, we take 0 < t1,t2 < 1 and set o; = (¢;,0,-1) = tie1, i € {1,2}. Recalling (10) we have:
ti . R
Py (x) = aloi) + (B(04),x — o) =/ (V(s),er)ds + (V(ti),x — 03)
0

and consequently, in view of (21),

Py, (01) = Poy(01) = /t2<‘7(8)761>d8 + <f/(t2), t\@/—t&g>

t1
o1 o9
to . .
(23) = / <V(S) - V(tg), 61> ds
t1
Denoting by T the interval [t1, 2], if t1 < t9 or the interval [to, 1], if ¢; > t2, we obtain
(24) 1Py (01) = Poy (o)l < Jt2 —ta] sup|[V(s) = V(t2)]-
N~—— €T
=[lo1—o2||

Notice that since V is uniformly continuous on the compact set ¥ it holds:

pr(6)i= s |B(en) = Bloa)l = suwp |[V(t1) = V(t2)| >0 (as 5 0).
||0'1_0'2||§6 (22) |t1_t2|§5

We also deduce from (24) that

PO' - Pa' N A~
po(8) :=  sup { 175, (1) = Foy ()] } < sup HV(tl) - V(tg)H 0 (as 6 — 0).
lov—2|<6 o1 — 02| 5o Intal<e

Applying Proposition 2.2 we obtain a C'-function g : R® — R™ such that

Dg((t,0n,_1)) = V(t), for all t € A.
Multiplying, if necessary, g by a smooth cut-off function which is equal to 1 on Bgn, we can assume,
with no loss of generality, that ¢ is a Lipschitz C'-function with bounded support.

We shall now modify ¢ in the cylinders (¢, r) x R*~1 € R™. To this end, for any k € N, set
H(lg) :=h(ly) = V(&)  and  H(rg) := h(rg) = V(rg)

and consider the Lipschitz function ¢ : R"™ — R™ given by Lemma 3.4 for £ = {;, r = i and
e = (k+1)"! and the sets Cy, = H({;) and C,, = H(ry) in K%(Bgmxn). We finally set

d:R" - R™

P(x) :=g(x) + > pog¥r(z), forall z € R™.
We shall show that ® satisfies the assertion of Theorem 2.1. Set ¥ := 7 ¢,. Let us first
recall that g € C}(R",R™) and that each function 1, is C* on R™\ {(¢x,0,1), (x,0,_1)} and
differentiable everywhere. Since the supports of the functions {1y} are pairwise disjoint and satisfy
Lemma 3.4 (i), it follows that W is Lipschitz and C* on R™\ (A x {0,_1}), with DU (z) = Dy ()
for all ¥ € () x R*F and D¥(x) =0 for all x € (A x R?)\ (A x {0}"). Moreover, combining
with (14) we deduce that

()| = < i C etV = min {lf— a2
9 ()|l in {It —a1*} min {[t — z1]7}

—ote{l e U{ride

> n(x)
k=0
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and consequently W is everywhere differentiable with
DU(z) =0, for all z € A x {0}~ L.

Thanks to Lemma 3.4 (ii7), we deduce that JpU(¢,0,-1) D H(¢;) and JpV(rg,0,—1) DO H(rg)
for all £ € N. Since the graph of the limiting Jacobian Jp W is closed and H is continuous for the
Hausdorff distance, we get that

JrY(t,0,—1) D H(t), forallte A.

We shall now prove that the above inclusion is in fact equality, that is, we have Jp¥(¢,0,-1) = H(1),
for every t € A. Let us first consider the case t € A\ {lg, 7, : k € N} and fix ¢ > 0. Since H is
continuous, there exists § > 0 such that

Dy(H(t),H(s)) <=, forallse AN(t—20o,t+79).

| ™

Shrinking ¢ if needed, we can also ensure that if (€y,r;) N (t — d,t + 0) # O for some k € N, then

max (Dyg (H (1), H(4)). Di(H(t), H(ry))) <

N ™

Set N(9) :=inf{k € N: (lg,rx) N (t —0,t +d) # 0}. Clearly, N(d) tends to +o0c as d tends to 0.
We deduce from Lemma 3.4 (i7) that

DU((Lg, 1) x R"™™) = Dipp((bg, ) x R™™Y) € (H(0p) UH(ry)) + (k+ 1) ' Bgmxn, for all k € N.
Shrinking further ¢ to ensure that N () + 1 > 27! and recalling that DV = 0 on A x R"!, we
obtain that

DU((t —6,t+6) x R*™1) € H(t) + eBgmxn.
Therefore, JLW((¢,0,—1)) C H(t) + eéBgmxn. Since € > 0 is arbitrary, we finally conclude that
JL\I}((t7 On—l)) C H(t) SO, JL\II((t70n—1)) = H(t)

We now consider the case t € {{;}reny U {7k }ren and focus on the formula of J;¥(¢,0,-1) given
by (2). Let us assume, to fix the ideas, that ¢ = £, for some ky € N (the case t = ry, can be
treated analogously). Then every element @ of Jp¥(¢,0,—1) can be obtained as limit of a sequence
of derivatives of W lying either on the cylinder [¢4,7)] x R?1 (where ¥ = 1/;,) or a the cylinder
of the form (£ — 6,¢) x R"~! (for any 6 > 0 arbitrary small). In the first case, we can directly use
Lemma 3.4 (7i7) while in the second case the analysis of the set of limits follows the same steps as
above. The details are left to the reader.

Finally, since the function g is C'-smooth, we deduce that for every t € A
Jr®(t,0n—1) = Dg(t,0p,—1) + JLU(t,0,—1) = V(t) + H(t) = h(t).
On the other hand, for any x € R™ \ (A x {0}") we have
JL®(x) = {Dg(z) + D¥(x)} € LR™ ™).

The proof is now complete. O
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3.4. A simple proof for the case n = m = 1. In this section we illustrate the above proof for the
case n = m = 1. In this one-dimensional case, the proof is much simpler: any coding of the family of
the closed intervals of [—1, 1] admits a natural continuous selection (the mid-point of the interval)
and a full construction can be carried out, without passing through a Whitney extension result.
We point out that some extra considerations should be taken into account in order to construct a
1-Lipschitz function. This result was also obtained in [5, Theorem 3.7] with a much more elaborated
proof.

Theorem 3.6 (case n = m = 1). There exists a differentiable 1-Lipschitz function f:R — R with

bounded support, such that for any nonempty closed interval [a,b] C [—1,1], there is a point x such
that Jr,f(x) = [a, b)].
Proof. Let us set

T:={(a,b) eR?: —1<a<b< 1}
(Notice the natural correspondence between 7 and K([—1,1]): for (a,b) € T we associate the closed
interval [a, b] of [—1,1]. We further equip 7 with the distance inherited by the infinite norm || - ||oo
on R2, so that T becomes isometrically isomorphic to }C([—1,1]).) Since T is compact, there exists

a continuous surjection h : A — 7. We may also assume that h(0) = h(1) = (0,0). Let {f;}; and
{r}x be the injective sequences defined in (19), that is,

0, 1N\A = [ (G, 7).
keN
We first extend h from A to [0, 1] by linear interpolation, that is, for every k € N we have:
—1 t—4¢
h(t) = (& h(ly) + ) hirg), for all t € (£, 75).
e — Uk i — Lk
We further extend h to the whole line R by setting h(t) = (0,0) for t € R\ [0, 1].

We write h(t) := (hi(t), ha(t)), for every ¢ € R. Then, the function V : R — [—1,1] defined by
V(t) = 27Y(h1(t) + ha(t)) is a continuous selection of the multivalued map H : R = R defined by
H(t) = [hi(t), ha(t)]. We now define the function

a:R—-R

a(t) == ho(t) = V(t) = W >0, forallteR.

Let ¢ : R — R be a C*°-function such that
supp ¢ C [—1,1] and  D¢(R) =[-1,1].
For each k € N, we consider sequences {c,;};, {c}. ;}; C ({, 7)) defined as in (15), that is,
ckj = L + jl <rk ;£k> and CZJ =Tk — j—i—ll <Tk ;€k> , for all j € N.
For each k € N, let {d;;}; C (0,1) be a decreasing sequence, converging to 0 as j — oo and
satisfying
(25) 01| Blloo max (alcrg), a(c), ;) < (min{epy = Ok — b i = crg — n 1),
and be such that the family of intervals
{lerj = Ojs Crj + Onjls [€hj — OnyrChj + Okygl = k,j € N}
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is pairwise disjoint. Consider further sequences {e;}x,; and {&} ;}x ; defined by

a(ck? ]) / CL(C;CJ)
;= . d L=
5kJ j+1 an €k7] ]+1
Note that
(26) lim ¢, ; = lim ) ; =0, forall k€ N.
Jj—o0 j—oo 7

Since V' is continuous, shrinking further oy ; if necessary, we may also assume that
(27) V(1) + [—alcrj) + erjr alerg) —ergl C [=1,1), forall t € (crj — Oy, crj + Or.j),
and V(t) + [—a(cy ;) + € alcy ;) — ] € [=1,1],  forall t € (¢}, ; — Ok.j; ¢ + Ok j)-

Consider the functions v, ; : R — R defined by

Yy, (t) = Ok ((a(ck,j) —e1g) D0 (t = i j)) + (alch ;) — ek z) G0, 5 (¢ — C%,j))) :
Observe that supp ¢k j C {ck,j, ¢} ;} + [~0kj, Ok,5], and

(28) Dtprej (kg = O chg + Ok l) = [—alery) + €nyyalcrs) — €ryl,
Dtij [k = Oy Sy — Okg]) = [—alch ;) + b jralch ;) — €l
We finally set
UV:R—-R
{ U(t) == Zi‘,}zo V5 (E)-

Note that, for every ¢t € R, there is at most one couple (k, j) such that ¢t € supp ¢y ;. As we did in
the proof of Theorem 2.1, we can show that DW(t) = > % _, Dy ;(t) for all t € R\ A. Thanks

to (25), it follows that |¥(t)| = min{(t — z)? : = € A}. Therefore, DU(t) = 0 for all t € /. Hence,
combining with (26), (28) and the continuity of a, we get

hi(t) — ha(t) ha(t) — hi(t)

5 , 5 , forallte A.

19(6) = [a(o)alt)] = |
We now consider the C!-function g : R — R defined by

¢ t
g(t) == / V(s)ds = / hl(s);hQ(s)ds, for all t € R.
0 0

Since V' is continuous, Dg(t) = V(t) for all ¢ € R. Let us finally define f = g + . Thanks to
(27), we deduce that Df(t) =V (t) + D¥(t) € [-1,1] for all t € R, and therefore, f is 1-Lipschitz.
Moreover

Jof(t) = Dg(t) + JU(t) = [hi(t), ha(t)], forallt € A.

Using a standard argument, we can modify f outside [0, 1] to ensure that it has bounded support.
O
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4. SMOOTH FUNCTIONS FROM R"™ TO R™ WITH SURJECTIVE DERIVATIVES

In this section we show how to construct a C!-function g : R® — R™ whose derivative takes in its
range all Q € R™*". As before (c.f. Theorem 2.1), it will be sufficient to construct a C!'-function g
with bounded support such that

Im(Dg) D Bgmxn.
We now show how the proof of Theorem 2.1 can be modified to provide an easy proof of the
above assertion. Indeed, our set of interest is now the compact metric space Bgmxn (rather than
K(Brmxn)) and Steps 1-2 and 5-6 are now irrelevant, since we deal with singletons.

We proceed as follows: let h : A — Bgmxn be a continuous surjection (coding over the Cantor set)
and extend it to a continuous (surjective) function

V :[0,1] = Bgmxn  (with V|a = h).

Note that, V is a Peano-like curve filling the set Bgmxn. We define o : [0,1] x {0},_; — R™ and
B:10,1] x {0},—1 — R™*™ by (21) and respectively (22) and proceed as in Subsection 3.3 to obtain
(by Proposition 2.2) a C'-function g with bounded support satisfying

Dg((t,0,_1)) =V(t), foralltelo,1],

which is the desired conclusion.

Remark 4.1. Several authors have worked on questions related to the range of the derivative of
a smooth map from R™ to R (see e.g. [3, 7, 10] and references therein), corresponding to the case
m = 1. In this case, the question of surjectivity of the derivative map admits a trivial answer (think
of the example g(z) = ||x||* for the Euclidean norm). To the best of our knowledge, there are no
results in the literature related to the surjectivity of the derivative map for m > 1.
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