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Abstract
The notion of regular pair (A, B) for two nonempty closed convex subsets A and B
of a Hilbert space H was introduced by Borwein and Bauschke in 1993 to ensure
convergence (in norm) of the alternating projection method to some point of the best
approximation set. In 2022, De Bernardi and Miglierina showed that regularity of the
pair (A, B) guarantees, additionally, the convergence for any variational perturbation
of the alternating projection method, provided the corresponding best approximation
sets are bounded. In this work, we show that the converse assertion is also true. More-
over, this converse assertion holds without requiring the best approximation sets to be
bounded.

Keywords Alternating projection method · Convex feasibility problem · d-stability ·
regularity · Attouch-Wets convergence
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1 Introduction

Let A and B be two nonempty closed convex sets in a Hilbert space H. The 2-set
convex feasibility problem consists of finding a pair of points ā ∈ A and b̄ ∈ B
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realizing the distance between A and B, that is,

‖ā − b̄‖ = dist(A, B) := inf
a∈A

inf
b∈B ‖a − b‖.

Denoting by dist(a, B) := infb∈B ‖a − b‖, a necessary and sufficient condition for
the existence of such a pair is that the best approximation sets

E := {a ∈ A : dist(a, B) = dist(A, B)}, F := {b ∈ B : dist(b, A) = dist(A, B)}
(1.1)

are nonempty. In this work, we shall assume that this condition is always satisfied
and consequently the problem is well-posed. Notice that this happens whenever the
intersection of the sets A and B is nonempty (in this case, E = F = A ∩ B).

The method of alternating projections is the simplest iterative procedure for finding
a solution of the convex feasibility problem and it goes back to von Neumann [17]: let
us denote by PA and PB the projections onto the sets A and B, respectively. Then for
any starting point a0 ∈ H, consider the alternating projection sequences {an}n≥1 ⊂ A
and {bn}n�1 ⊂ B defined inductively by

bn = PB(an−1) and an = PA(bn) (n ∈ N). (1.2)

If the sequences {an} and {bn} converge in norm, then we say that the method of
alternating projections (also known as the von Neumann method) converges, that is,
there exist ā ∈ E , b̄ ∈ F such that limn→∞ an = ā and limn→∞ bn = b̄. This is
always the case in finite dimensions provided the sets E , F in (1.1) are nonempty,
while in infinite dimensions, the sequences {an} and {bn} are only weakly converging,
even if A ∩ B 	= ∅, see [5, Theorem 4.8]. Indeed, in the separable Hilbert space �2,
a celebrated example of Hundal in 2004 ( [14]) shows that in general the alternating
projections method may fail to converge in norm. This example was later simplified
by Kopecká [15] and motivated further investigations on conditions that ensure the
convergence of the von Neumann method.

Besides the case in which A and B are linear subspaces (this was the original setting
studied by von Neumann himself, where obviously one has 0 ∈ A∩B = E = F), one
of the best known andmost important sufficient conditions for the convergence of such
amethod is the notion of regularity for the pair (A, B) (see forthcomingDefinition 2.6),
introduced by Bauschke and Borwein in [4]. This notion (which already requires the
best approximation sets E and F to be nonempty) guarantees the norm convergence
of the sequences defined in (1.2).

In the more recent papers [11–13], the authors studied stability properties
of the alternating projection method. More precisely, for any two sequences of
nonempty closed convex sets {An}n�1 and {Bn}n�1 such that limn→∞ An = A and
limn→∞ Bn = B for the Attouch-Wets variational convergence (see forthcoming Def-
inition 2.2) and any initial point a0 ∈ H, they considered the perturbed alternating
projection sequences {an}n≥1 and {bn}n≥1, defined as follows:

bn = PBn (an−1) and an = PAn (bn) (n ∈ N). (1.3)
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In [11] it was shown that if E, F are nonempty and bounded, then the aforementioned
regularity condition on the pair (A, B) not only guarantees the norm convergence
of the alternating projection sequence in (1.2), but also the norm convergence of its
variational version given by (1.3). To be more precise, using the notation of (1.1) let
us recall the notion of d-stability introduced in [11].

Definition 1.1 (d-stability)Wesay that the pair (A, B) of two nonempty closed convex
subsets of a Hilbert spaceH is d-stable, whenever all perturbed alternating projection
sequences {an}n�1 and {bn}n�1 given in (1.3) satisfy

lim
n→∞ dist(an, E) = 0 and lim

n→∞ dist(bn, F) = 0.

The main result of [11] asserts that if the pair (A, B) is regular and the sets E and F
are (nonempty and) bounded, then the pair (A, B) is d-stable. The assumption on the
boundedness of the best approximation sets E and F is necessary for this statement,
since Example 5.2 in [11] provides a regular pair (A, B) with E = F = A ∩ B 	= ∅
being unbounded, which is not d-stable. In the same paper, the authors asked whether
the inverse implication holds, stating the following open problem:

Problem 1.2 Is every d-stable pair (A, B) necessarily regular?

Themain aimof the present paper is to show that Problem1.2 has a positive answer, and
this answer does not require boundedness of the best approximation sets. In particular,
we establish the following result.

Theorem A Let A, B be nonempty closed convex subsets of H. If the pair (A, B) is
d-stable, then the pair (A, B) is regular.

Corollary 1.3 Let A, B be nonempty closed convex subsets of H and assume that the
best approximation sets E and F are bounded. Then the following are equivalent:

(i) the pair (A, B) is regular;
(ii) the pair (A, B) is d-stable.

Theorem A establishes implication (ii) �⇒ (i) (see forthcoming Theorems 3.4
and 3.7). The other implication was previously established in [11, Theorem 4.9].
Altogether, Theorem A, Corollary 1.3 and Example 5.2 in [11] provide a complete
characterization of regularity bymeans of variational stability of alternating projection
sequences.

Regularity of the pair (A, B) is in fact stronger thanmere convergence of alternating
projection sequences, see [4, Example 5.5]. Indeed, assuming that the best approxima-
tion sets are bounded, regularity turns out to be equivalent to a good behaviour of the
alternating projections with respect to perturbations of the two sets A and B, suitable
for a study involving perturbations of the original sets, for which it could be easier to
compute the projections. In specific cases, regular convex feasibility problems could
also lead to the development of algorithmic procedures, designed for the study of
convex sets A and B whose description is affected by some errors due to uncertainty
in the data. On the other hand, our result suggests avoiding this variational approach
in the case of absence of regularity (see Sect. 4 for more details).
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We resume this introduction with a brief description of the structure of the paper.
In Sect. 2 we fix our notation and review preliminary notions. Definitions and proper-
ties of the Hausdorff and, respectively, the Attouch-Wets set convergence are therein
recalled, together with relevant properties of metric projections and of alternating pro-
jections method in a Hilbert space. In particular, the relationship between regularity
and d-stability obtained in [11] is recalled. In Sect. 3, we prove the main result of the
paper, namely, the fact that d-stability implies regularity for a given convex feasibility
problem. After two key technical lemmas (namely, Lemma 3.1 and Lemma 3.2), the
proof of our main result will be divided into two cases: first, we consider the case
where A ∩ B is the empty set, then we move to the case where A ∩ B is nonempty,
where the proof becomes more involved. Finally, in Sect. 4 we present some additional
remarks, conclusions and open questions.

2 Notation and preliminaries

Throughout this paper, we will always work with a Hilbert spaceH equipped with an
inner product 〈·, ·〉 and its induced norm ‖ · ‖. We denote by BH and SH the closed
unit ball and the unit sphere of H, respectively. We denote by H∗ the dual space of
H, even if the space H∗ can be represented by H itself. This notation allows us to
emphasize the role of linear functionals in several arguments, making them clearer.
Further, we denote by Fix(T ) the set of fixed points of an operator T : H → H.

If α > 0, x ∈ X , and A, B ⊂ H, we set as usual

x+ A := {x+a; a ∈ A}, αA := {αa; a ∈ A}, A+B := {a+b; a ∈ A, b ∈ B}.

For any two points x, y ∈ H, we denote by [x, y] the closed segment in H with
endpoints x and y and we set (x, y) = [x, y] \ {x, y} for the corresponding “open”
segment. The segment (x, y] is defined similarly. For a subset A of H, we denote by
int (A) the interior of A. We further define the distance of a point x ∈ X to a set A as
follows:

dist(x, A) := inf
a∈A

‖a − x‖.

We are going to use the following simplified notation. If f is a real-valued function
defined on H, we denote

[ f � α] := {x ∈ H : f (x) � α} for α ∈ R.

The sets [ f � α] and [ f = α] are defined in a similar way. Finally, we recall that

ker f := {x ∈ H : f (x) = 0},

whenever f is a linear functional defined onH.
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2.1 Hausdorff and Attouch-Wets convergence of sequences of sets

Let us now review two notions of convergence for a sequence of sets (for a more
detailed overview of this topic, see, e.g., [6]). By c(H) we denote the family of all
nonempty closed subsets of H. Let us introduce the (extended) Hausdorff metric DH
in c(H). For A, B ∈ c(H), we define the excess of A over B as follows:

e(A, B) := sup
a∈A

dist(a, B).

Notice that the above definition still makes sense if one of the two sets is empty:
indeed, if A 	= ∅ and B = ∅we set e(A, B) = ∞, while if A = ∅we set e(A, B) = 0.
Furthermore, we define the Hausdorff distance between sets A and B as follows:

DH(A, B) := max
{
e(A, B), e(B, A)

}
.

The above metric gives rise to our first notion of set convergence.

Definition 2.1 (Hausdorff convergence) We say that a sequence {An} in c(H) con-
verges in the Hausdorff sense to a set A ∈ c(H) if

limn→∞ DH(An, A) = 0 .

According to [16, Theorem 8.2.12] the sequence {An}n�1 in c(H) is Hausdorff con-
verging to a set A ∈ c(H) if and only if

sup
x∈X

| dist(x, An) − dist(x, A)| −→
n→∞ 0 .

We now consider a weaker notion of convergence, the so-called Attouch-Wets con-
vergence (see, e.g., [16, Definition 8.2.13]). To this end, fix r > 0, A, B ∈ c(H) and
set:

er (A, B) := e(A ∩ r BH, B) ∈ [0,∞),

DH,r (A, B) := max {er (A, B), er (B, A)}.

The above family of pseudo-distances gives rise to the following notion of conver-
gence:

Definition 2.2 (Attouch-Wets convergence) We say that a sequence {An}n�1 in c(H)

converges in the Attouch-Wets sense to a set A ∈ c(H) if for every r > 0 we have:

limn→∞ DH, r (An, A) = 0 .

The Attouch-Wets convergence can be seen as a "localization" of the Hausdorff con-
vergence. Indeed, according to [16, Theorem 8.2.14], a sequence {An}n�1 in c(H) is
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Attouch-Wets converging to a set A ∈ c(H) if and only if for every r > 0

sup
x∈rBH

| dist(x, An) − dist(x, A)| −→
n→∞ 0 .

The following property relates Hausdorff and Attouch-Wets convergences.

Fact 2.3 Let A ∈ c(H), {An}n�1 ⊂ c(H), {rn}n ⊂ (0,+∞) increasingly converging
to+∞, and {δn}n ⊂ (0,+∞) converging to 0. Assume thatDH(A∩rnBH, An) � δn,
whenever n � 1. Then, for every r > 0, the inequality DH,r (A, An) � δn eventually
holds as n → ∞. In particular, the sequence {An}n�1 is Attouch-Wets converging to
A.

Proof Let r ∈ N. For every n ∈ N, we clearly have

er (An, A) = e(An ∩ rBH, A) � e(An, A) � e(An, A ∩ rnBH) � δn .

Moreover, if n0 ∈ N is such that rn0 > r , then for all n � n0 we have

er (A, An) = e(A ∩ rBH, An) � e(A ∩ rnBH, An) � δn .

We have shown that DH,r (A, An) � δn eventually holds as n → ∞. The final con-
clusion, about the Attouch-Wets convergence of {An}n�1, immediately follows. ��

2.2 Projections in Hilbert spaces and the alternating projections method

The notions of distance between two convex sets and of projection of a point onto
a convex set of a Hilbert space play a fundamental role in our paper. The projection
onto a nonempty closed convex subset C maps any point x0 ∈ H to its nearest point
in C , denoted by PC (x0). We recall the following result, usually named variational
characterization of the projection onto C . Let c0 ∈ C and x0 ∈ H. Then c0 = PC (x0)
if and only if

〈x0 − c0, c − c0〉 � 0, for all c ∈ C .

We recall that the projection PC is a nonexpansive map fromH to C , i.e., it holds
‖PC (x) − PC (y)‖ � ‖x − y‖ (see, e.g., [16, Proposition 10.4.8]).

In the sequel, we shall need the following elementary fact, the proof of which is
left to the reader.

Fact 2.4 Let C, D ⊂ H be nonempty closed convex sets such that C ⊂ D. Then:

(a) If C is an affine set then PC is an affine function.
(b) If b, p ∈ H are such that p = PD(b) and p ∈ C, then p = PC (b).

Given n ∈ N and two convex sets A, B ∈ c(H), let us consider the nonexpansive
map �

A,B
n : H → H, defined by

�
A,B
0 (x) = x, �A,B

n (x) = PAPB . . . PAPB︸ ︷︷ ︸
n times

(x), x ∈ H.
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Given A and B in c(H), let {an}n , {bn}n be the corresponding alternating projection
sequences as in (1.2), starting from the initial point x ∈ H, then we can rewrite them
in terms of the above operator �

A,B
n ( · ) as follows:

an = �A,B
n (x) , bn+1 = PB(�A,B

n (x)).

Let us now consider two nonempty closed convex subsets A and B and define the
displacement vector

v := PB−A(0) for the pair (A, B) . (2.1)

Recalling (1.1) we have that the (possibly empty) best approximation sets E, F are
disjoint if and only if A ∩ B = ∅. Notice that if E and F are nonempty, then there
exist ā ∈ E , b̄ ∈ F such that v = b̄ − ā. In case A ∩ B 	= ∅, then E = F = A ∩ B
and the displacement vector for the pair (A, B) is null. Furthermore:

Fact 2.5 ( [4, Fact 1.1]) Suppose thatH is a Hilbert space and that A, B are nonempty
closed convex subsets of H, such that the corresponding best approximation sets E
and F are nonempty. Then:

(i) ‖v‖ = dist(A, B) and E + v = F;
(ii) E = Fix(PAPB) = A ∩ (B − v) and F = Fix(PB PA) = B ∩ (A + v);
(iii) For every ā ∈ E and b̄ ∈ F we have:

PBā = PFā = ā + v and PAb̄ = PE b̄ = b̄ − v.

2.3 Regularity and d-stability for a pair of convex sets

We shall now state the notion of regularity for a pair of nonempty closed convex sets
A and B, which has been introduced in [4] to ensure convergence in norm for the
alternating projection algorithm (see also [7]).

Definition 2.6 (regular pair) Let A and B be two nonempty closed convex subsets of
a Hilbert space H, such that the corresponding best approximation sets E and F are
nonempty. The pair (A, B) is called regular if for every ε > 0 there exists δ > 0 such
that for every x ∈ H we have:

max { dist(x, A), dist(x, B − v) } � δ �⇒ dist(x, E) � ε . (2.2)

We refer the reader to [4] for concrete examples of pair of sets satisfying (or failing
to satisfy) regularity property.

The next result follows from [4, Theorem 3.7] and [11, Theorem 4.9]. Indeed,
recalling Definition 1.1 we have:

Theorem 2.7 Let A, B be nonempty closed convex subsets of a Hilbert space H so
that the pair (A, B) is regular. The following assertions hold:

(i) the alternating projection method converges in norm;
(ii) if E, F are bounded, the pair (A, B) is d-stable.
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3 Main results

In this section, our aim is to prove Theorem A. To this end, we shall need some
intermediate technical lemmas, which we are going to obtain progressively. Let us
start with the following important intermediate result that provides a framework under
which a sequence generated by the alternating projection method remains in a 2-
dimensional space.

Lemma 3.1 (keeping iterations in a 2-dim space) Let γ � 0, let z, w be two nonzero
elements of a Hilbert space H such that 〈z, w〉 = 0 and define:

u := z
‖z‖ , α := ‖z‖

‖w‖ , x �→ f (x) = 〈u, x〉 , x �→ f̂ (x) = 〈u+α w
‖w‖ , x〉. (3.1)

Let further Â, B̂ be nonempty closed convex subsets ofH such that

[z, w] ⊆ Â ⊆ [
f̂ � f̂ (w)

]
and [−γ u, w − γ u] ⊆ B̂ ⊆ [ f � −γ ]. (3.2)

Then starting from a0 = 0 the alternating projection method generates sequences

an = � Â,B̂
n (0) , bn = PB̂(an−1), n � 1,

such that if γ = 0 we have:

lim
n→∞an = lim

n→∞bn = w ∈ Â ∩ B̂,

while if γ 	= 0, there exists m ∈ N ∪ {0} satisfying

‖am − w‖ � γ α
‖w − z‖

‖w‖ .

Proof Let us denote by h the half-line with origin w − γ u and passing through the
point −γ u, and by t the line passing through z and w. Then denote by b∗ the unique
point on h such that Pt(b∗) = w. Let us also denote by a∗ the unique point on t such
that b∗ = Ph(a∗). If we define θ = arctan α, since

γ

‖b∗ − w‖ = cos θ = 1√
1 + α2

= ‖w‖
√‖w‖2 + ‖z‖2 = ‖w‖

‖w − z‖ ,

we obtain

‖a∗ − w‖ =
( ‖z‖

‖w‖
)

︸ ︷︷ ︸
α:=tan θ

‖b∗ − w‖ = α γ
‖w − z‖

‖w‖ .
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Fig. 1 Proof of Lemma 3.1

Note that if b∗ /∈ [−γ u, w − γ u] then we necessarily have z ∈ [a∗, w] and hence

‖a0 − w‖ = ‖w‖ � ‖z − w‖ � ‖a∗ − w‖ = γ α
‖w − z‖

‖w‖ ,

andour conclusion holdswithm = 0.Hence,we can supposewithout loss of generality
that b∗ ∈ [−γ u, w − γ u].

Observe that

P[ f �−γ ](z) = P[ f =−γ ](z) = −γ u and P[ f �−γ ](w) = P[ f =−γ ](w) = w − γ u.

Since the projection to the affine subspace [ f = −γ ] is an affine function (Fact 2.4(a)),
for every x ∈ [z, w], we have P[ f �−γ ](x) ∈ [−γ u, w−γ u]. Therefore, we infer from
Fact 2.4(b) that, for every x ∈ [z, w], PB̂(x) ∈ [−γ u, w − γ u]. A similar argument
shows that, for every x ∈ [−γ u, b∗], we have PÂ(x) ∈ [z, w].

We now consider two cases:
(i) If γ = 0, then w = b∗ ∈ Â ∩ B̂. Then, setting Ã := [z, w] and B̃ := [0, w] we

deduce that an := �
Â,B̂
n (a0) = �

Ã,B̃
n (a0). Since �

Ã,B̃
n (a0) → w as n → ∞ (see,

e.g., [4, Fact 1.2]), the assertion follows.
(ii) If γ 	= 0 then b∗ 	= w − γ u, that is, we are in the situation described in

Fig. 1. Notice that, as long as the elements bn := PB̂(an−1) are not in the segment
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(b∗, w − γ u], their projections an := PÂ(bn) are in the segment [z, w], and these
projections lie in the two-dimensional subspace determined by the points 0, z, w.
Now, let m ∈ N ∪ {0} be the first non-negative integer such that bm+1 := PB̂(am) ∈
[b∗, w − γ u]. Then we easily get

‖am − w‖ � ‖a∗ − w‖ = γ α
‖w − z‖

‖w‖ ,

the proof is complete. ��
Remark. Fig. 1 and its role in the proof of Lemma 3.1 were inspired by [15, Fig. 3].

We shall now consider two nonempty closed convex sets A and B that are separated
by a functional and show that, provided one of them is bounded, we can perturb the
sets to obtain a setting in which the previous lemma can be applied (Fig. 2).

Lemma 3.2 (Steering the iterations) Let A, B be closed nonempty convex subsets of
H such that for some f ∈ SH∗ , β ∈ R, γ � 0, and r � 1 we have:

sup f (B) � β − γ � β � inf f (A) and A ⊂ rBH .

Let further p, w ∈ [ f = β], p 	= w and suppose that for some δ > 0

(p + δBH) ∩ A 	= ∅, (w + δBH) ∩ A 	= ∅, (p − γ u + δBH) ∩ B 	= ∅,

(w − γ u + δBH) ∩ B 	= ∅,

where u ∈ SH represents the functional f .
Then there exist m ∈ N ∪ {0} and closed convex sets Â, B̂ such that

DH(A, Â) � 3δ , DH(B, B̂) � 3δ

and such that, for a0 := p, an := �
Â,B̂
n (a0) and bn := PB̂(an−1) (n ∈ N), we have

(i) the finite sequence {bn}m+1
n=1 is contained in [ f = β − γ ];

(ii) am := �
Â,B̂
m (a0) ∈ (w + δBH) ∩ Â.

Proof Without loss of generality, we may assume that p = 0 and consequently β = 0,
〈u, w〉 = 0, w ∈ ker f and A ⊂ [ f � 0]. We set:

B̂ = (B + 3δBH) ∩ [
f � −γ

]
.

Since DH(B, B + 3δBH) � 3δ and B ⊆ [ f � −γ ], we have B ⊂ B̂ ⊂ B + 3δBH
and therefore

DH(B, B̂) � 3δ.

Set a positive number ε0 so that

ε0 � min {1, ‖w‖} (the exact value of ε0 will be fixed later).
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Fig. 2 Construction of Â and B̂

Let u ∈ SH representing the functional f ∈ SH∗ (that is, f (·) = 〈u, ·〉) and define:

f̂ (x) = 〈u + α
w

‖w‖ , x〉 = f (x) + α〈 w

‖w‖ , x〉, x ∈ H, where α := δε0

r‖w‖ .

(3.3)
Since ‖u‖ = 1 and 〈u, w〉 = 0, we have ‖ f̂ ‖ > 1. Moreover, for every a ∈ A we
have:

f̂ (a) = f (a) + α〈 w

‖w‖ , a〉 � −α‖a‖. (3.4)

We now consider the set

Â = (A + 3δBH)
⋂ [

f̂ � f̂ (w)
]
.

Claim. DH(A, Â) � 3δ.
Proof of the claim. Since Â ⊂ A + 3δBH, we have e( Â, A) � 3δ. Let now a ∈ A.

If a ∈ [
f̂ � f̂ (w)

]
, then a ∈ Â, while if f̂ (a) < f̂ (w) = δ ε0

r = α‖w‖, we set

ã = P[
f̂ � f̂ (w)

](a) = P[
f̂ = f̂ (w)

](a).
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Then f̂ (̃a) = f̂ (w) = δε0r−1. Recalling that ‖a‖ � r , for all a ∈ A and ε0 � 1 � r ,
we deduce from (3.4) that

‖̃a − a‖ =
∣∣ f̂ (w) − f̂ (a)

∣∣

‖ f̂ ‖ < f̂ (w) − f̂ (a) � δ
(ε0

r

)
+ δ ε0

(‖a‖
r

)
� 2 δ.

It follows that ã ∈ Â, whence e(A, Â) � 2δ and the claim follows.
We finally set

z :=
(

δε0

r

)
u = α‖w‖ u . (3.5)

By the definition of the sets Â and B̂, we deduce that

[z, w] ⊂ Â and [−γ u, w − γ u] ⊂ B̂.

Therefore, we can apply Lemma 3.1 for the sets Â, B̂ (note that α is indeed equal to
‖z‖
‖w‖ ) to conclude that there exists m ∈ N satisfying

‖� Â,B̂
m (a0)︸ ︷︷ ︸

am

−w‖ � γ
‖z‖
‖w‖

‖w − z‖
‖w‖ �

(
γ

‖w‖ + ‖z‖
‖w‖2

ε0

r

)
δ .

Shrinking the value of ε0 and recalling (3.5) we ensure that the above quantity is less
or equal to δ. The proof is complete. ��

Wenow establish ourmain result under the additional assumption that the sets A and B
are disjoint (and the best approximation sets E and F are nonempty). This assumption
considerably simplifies the proof, allowing us to outline the geometrical features of
the argument.

Given a pair (A, B) of nonempty closed convex sets in H, we recall from (1.1)
the definition of the best approximation sets E, F and from (2.1) the definition of the
displacement vector v := PB−A(0). We start with the following technical lemma.

Lemma 3.3 (lack of regularity) Let A, B be two closed convex sets inH. Assume that
E, F are nonempty and disjoint and that the pair (A, B) is not regular.

Then there exist ε0 > 0, a sequence {δn}n�1 ⊂ (0,+∞) with δn → 0, and a
sequence {wn}n�1 ⊂ H such that for every n ∈ N we have:

(i) ε0 < dist(wn, E) � ε0 + 1;

(ii) max
{
dist(wn, A), dist(wn, B − v)

}
� δn;

(iii) 〈v,wn〉 = 〈v, ā〉 for some (equivalently, for all) ā ∈ E.

Proof Since the pair (A, B) is not regular, there exist {w′
n}n�1 ⊂ H and ε0 > 0 such

that

dist(w′
n, E) > 3ε0, for all n � 1 and lim

n→∞max
{
dist(w′

n, A), dist(w′
n, B − v)

} = 0.
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Since E, F are nonempty and F = E +v, we can separate A and B−v with an affine
hyperplane H orthogonal to the displacement vector v, containing the set E . Then
setting w′′

n :=PH (w′
n), one has

‖w′
n − w′′

n‖ � max{dist(w′
n, A), dist(w′

n, B − v)},

yielding

lim
n→∞ ‖w′

n − w′′
n‖ = 0 and lim

n→∞max
{
dist(w′′

n , A), dist(w′′
n , B − v)

} = 0.

Then for some n0 ∈ N sufficiently large and all n ≥ n0 we have:

dist(w′′
n , E) � dist(w′

n, E) − ‖w′
n − w′′

n‖ > 2ε0 .

We now pick wn ∈ [w′′
n , PE (w′′

n)] so that ε0 < dist(wn, E) < ε0 + 1. Finally, by
convexity of the sets A and B we have

δn := max{dist(wn, A), dist(wn, B − v)} � max
{
dist(w′′

n , A), dist(w′′
n , B − v)

}

and the proof is complete. ��

We are now ready to establish the result in the special case of the aforementioned
assumption that the best approximation sets are (nonempty and) disjoint.

Theorem 3.4 (main result: case A ∩ B = ∅) Let A, B be nonempty closed convex
subsets of H such that E, F are nonempty and disjoint. If the pair (A, B) is not
regular, then (A, B) is not d-stable.

Proof Notice that v 	= 0 (displacement vector) and that we can assume that for any
initial point x , the alternating projection sequencewith respect to the sets A, B satisfies

lim
n→∞ dist

(
�A,B

n (x) , E
)

= 0, (3.6)

because, otherwise, the pair (A, B) will already be not d-stable. Moreover, there is no
loss of generality to assume 0 ∈ E . Let f ∈ H∗ be the linear functional defined by
f (·):=〈·,−v〉.
By Lemma 3.3 (lack of regularity), there exist ε0 > 0, a sequence of positive

numbers {δn}n with δn → 0 and a sequence {wn}n�1 ⊂ ker f such that

dist(wn, E) > 3ε0 and max
{
dist(wn, A), dist(wn, B − v)

}
� δn −→

n→∞ 0 .

We can assume that δn � ε0, for all n ∈ N.
Take an arbitrary q0 ∈ H: in view of (3.6), there exist n1 ∈ N and p1 ∈ E , both

depending on ε0, such that

p̃1:=�A,B
n1 (q0) ∈ (p1 + ε0BH) ∩ A . (3.7)
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We shall now show that for any r1 > 0 sufficiently large, there exist two closed convex
sets Â1 and B̂1 which are 3δ1-close (with respect to the Hausdorff distance DH) to
the sets A ∩ r1BH and B, respectively, such that the iterations of the corresponding
alternating projection method, starting from p̃1, bring us to some point q1 sufficiently
close to the point w1.

To this end, we first show that starting from the point p1 ∈ ( p̃1 + ε0BH) ∩ ker f
we can get sufficiently close to the point w1: indeed, notice that p1 ∈ E ⊂ ker f and
w1 ∈ ker f . Moreover, the set w1 + δ1BH has nontrivial intersection with both sets A
and B−v. Let ã1 ∈ A be such that ‖̃a1−w1‖ � δ1, and pick r1 � max{1, ‖̃a1‖, ‖p1‖}.

Therefore, we can apply Lemma 3.2 to the sets A ∩ r1BH and B, for

δ:=δ1 � ε0, r :=r1, γ :=‖v‖, β:=0

to obtain m1 ∈ N ∪ {0} and closed convex sets Â1 and B̂1 such that

DH(A ∩ r1BH, Â1) � 3δ1, DH(B, B̂1) � 3δ1

and
w̃1:=� Â1,B̂1

m1
(p1) ∈ w1 + δ1BH ⊂ w1 + ε0BH.

Starting now the iterations from the point p̃1 satisfying (3.7), since ‖p1 − p̃1‖ � ε0
and the projection operators PÂ1

, PB̂1 are non-expansive, we deduce

q1:=� Â1,B̂1
m1

( p̃1) ∈ w̃1 + ε0BH .

Consequently, ‖q1 − w1‖ � 2ε0. Notice that since dist(w1, E) > 3ε0 we get
dist(q1, E) > ε0.

Concatenating the sequences:

{�A,B
n (q0)}n�n1 (joining q0 to p̃1) and {� Â1,B̂1

n ( p̃1)}n�m1 (joining p̃1 to q1)

we obtain a finite sequence of variational alternating projections whose last point q1
is outside the set E + ε0BH.

Iterating the same argument as above, we can inductively obtain a sequence of sets
Âh, B̂h ⊂ H, together with points qh, p̃h ∈ H, ph ∈ E , ãh ∈ A, positive numbers rh ,
and non-negative integers nh,mh such that, for every h ∈ N, we have:

(i) p̃h = �
A,B
nh (qh−1) and ‖ph − p̃h‖ < ε0;

(ii) ‖̃ah − wh‖ � δh and max{‖ph‖, ‖̃ah‖, h} � rh ,

(iii) DH
(
A ∩ rhBH, Âh

)
� 3δh and DH

(
B, B̂h

)
� 3δh ;

(iv) qh = �
Âh ,B̂h
mh ( p̃h) = �

Âh ,B̂h
mh

(
�

A,B
nh (qh−1)

)
and dist(qh, E) � ε0.
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To prove that the pair (A, B) is not d-stable, let us consider the sequence {Ak}k of
closed convex sets inH defined by

⎧
⎪⎨

⎪⎩
A, . . . , A︸ ︷︷ ︸
n1 times

, Â1, . . . , Â1︸ ︷︷ ︸
m1 times

, A, . . . , A︸ ︷︷ ︸
n2 times

, Â2, . . . , Â2︸ ︷︷ ︸
m2 times

, A, . . . , A︸ ︷︷ ︸
n3 times

, Â3, . . . , Â3︸ ︷︷ ︸
m3 times

, . . .

⎫
⎪⎬

⎪⎭

and the sequence {Bk}k of closed convex sets inH defined by the same process:

⎧
⎪⎨

⎪⎩
B, . . . , B︸ ︷︷ ︸
n1 times

, B̂1, . . . , B̂1︸ ︷︷ ︸
m1 times

, B, . . . , B︸ ︷︷ ︸
n2 times

, B̂2, . . . , B̂2︸ ︷︷ ︸
m2 times

, B, . . . , B︸ ︷︷ ︸
n3 times

, B̂3, . . . , B̂3︸ ︷︷ ︸
m3 times

, . . .

⎫
⎪⎬

⎪⎭

It follows from (iii) and Fact 2.3 that the sequences { Âh}h and {B̂h}h Attouch-Wets
converge to the sets A and B respectively. Therefore, so do the sequences {Ak}k and
{Bk}k (in which finite segments of constant sequences Ak = A and Bk = B respec-
tively, are interposed). Consequently, considering the perturbed alternating projection
sequences {ah} and {bh}, with respect to {Ah}h and {Bh}h and with starting point q0,
we infer from (iv) that:

akN = qN+1 where kN =
N∑

h=1

(nh + mh).

Since kN → ∞ as N → ∞ and dist (qN+1, E) � ε0, we deduce that the pair (A, B)

is not d-stable. The proof is complete. ��

Weshall nowestablish themain result of our paper in the casewhere A∩B is nonempty.
For the proof, we need to recall the notion of algebraic interior of a set.

Definition 3.5 Let C ⊆ H be a nonempty set. The algebraic interior of C , denoted by
alg intC , is the set of all points c ∈ C such that for every u ∈ SH there exists εu > 0
such that [c, c + εuu) ⊆ C .

We recall that a setC ⊆ H is called absorbing if for every x ∈ H, there exists a positive
number α such that x ∈ tC whenever t > α. It is easy to see that x ∈ alg intC if and
only if C − x is absorbing. Moreover, if C is a convex set such that intC 	= ∅ then,
alg intC = intC .

We also need the following well-known corollary of Baire category theorem.

Fact 3.6 (see, e.g., [1, Corollary 3.28]) If a complete metric space is a countable union
of closed sets, then at least one of them has a nonempty interior.

Theorem 3.7 (main result: case A ∩ B 	= ∅) Let A, B be closed convex subsets of H
such that A ∩ B is nonempty. Suppose that the pair (A, B) is not regular. Then the
pair (A, B) is not d-stable.
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Proof By assumption, we have E = F = A ∩ B 	= ∅ and v = 0 (displacement
vector). As in the proof of Theorem 3.4, without loss of generality we may assume
that the alternating projection sequence relative to the sets A and B satisfies (3.6) for
any starting point x ∈ H. We can also assume that 0 ∈ A ∩ B.

Since the pair (A, B) is not regular, there exist ε0 ∈ (0, 1) and sequences {δn}n≥1 ⊂
(0, ε0/6) with δn → 0 and {wn}n ⊂ H such that:

dist(wn, A ∩ B) � 3ε0 δn := max {dist(wn, A), dist(wn, B)} .

Take an arbitrary point q0 ∈ H. Let n1 ∈ N be such that

dist
(
�A,B

n1 (q0) , A ∩ B
)

< ε0.

Let p1 ∈ A ∩ B be such that

p̃1 = �A,B
n1 (q0) ∈ (p1 + ε0BH) ∩ A

and let ã1 ∈ A and b̃1 ∈ B be such that ‖̃a1−w1‖ � δ1 and ‖b̃1−w1‖ � δ1. Choosing
r1 > 0 such that max{‖p1‖, ‖̃a1‖, 1} � r1, let us define the sets

A1 = A ∩ r1BH and B1 = B.

Claim. 0 /∈ alg int (A1 − B1).

Proof of the claim. Since the pair (A, B) is not regular, by [4, Corollary 4.5], we have
0 /∈ int (A − B). Therefore, since A1 − B1 ⊂ A − B, we obtain 0 /∈ int (A1 − B1).
Notice further that since A1 is w-compact, the set A1 − B1 is closed and convex. Let
us suppose, towards a contradiction, that 0 ∈ alg int (A1 − B1). Then the set A1 − B1
would be an absorbing set and consequently ∪∞

n=1n(A1 − B1) = H. In this setting,
Fact 3.6 would yield that int (A1 − B1) 	= ∅. Since (A1 − B1) is convex, we would
have 0 ∈ alg int (A1 − B1) = int (A1 − B1), a contradiction. Therefore, the assertion
of the claim holds.

It follows that there exists u1 ∈ SH such that, for every θ > 0, we have A1 ∩ (B1 +
θu1) = ∅. In particular, the closed convex sets A1 and (B1 + δ1u1) are disjoint and
A1 is w-compact. By the Hahn-Banach theorem there exists f1 ∈ SH∗ and β1 ∈ R

such that
sup f1 (B1 + δ1u1) � β1 � inf f1 (A1) .

Since p1 ∈ A1 and p1 + δ1u1 ∈ (B1 + δ1u1), there exists s1 ∈ [p1, p1 + δ1u1] such
that f1(s1) = β1. It follows that

(s1 + δ1BH) ∩ A1 	= ∅, (s1 + δ1BH) ∩ (B1 + δ1u1) 	= ∅.

Similarly, since ã1 ∈ A1 and b̃1+δ1u1 ∈ (B1 + δ1u1), there exists t1 ∈ [̃a1, b̃1+δ1u1]
such that f1(t1) = β1. Since ‖b̃1+δ1u1−w1‖ � 2δ1 and ‖̃a1−w1‖ � δ1, by convexity
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we have ‖w1 − t1‖ � 2δ1. Recalling that dist(w1, A1) < δ1 we obtain

(t1 + 3δ1BH) ∩ A1 	= ∅ and (t1 + 3δ1BH) ∩ (B1 + δ1u1) 	= ∅.

Applying Lemma 3.2 to the sets A1, B1 + δ1u1, for

δ:=δ1, r :=r1, γ :=0, β:=β1,

we obtain m1 ∈ N ∪ {0} and two (perturbed) closed convex sets Â1, B̂1 such that

DH
(
A1, Â1

)
� 9δ1 and DH

(
B1 + δ1u1, B̂1

)
� 9δ1,

and such that
‖� Â1,B̂1

m1
(s1) − t1‖ � 3δ1.

Notice that
DH

(
A ∩ r1BH, Â1

)
� 9δ1 and DH

(
B, B̂1

)
� 10δ1.

Since

dist (t1, A ∩ B) � dist (w1, A ∩ B) − ‖w1 − t1‖ � 3ε0 − 2δ1 > 2ε0 + 4δ1,

we have

dist
(
� Â1,B̂1

m1
(s1) , A ∩ B

)
� dist (t1, A ∩ B) − ‖� Â1,B̂1

m1
(s1) − t1‖

> 2ε0 + 4δ1 − 3δ1 = 2ε0 + δ1.

Since ‖s1 − p̃1‖ � ε0 + δ1, we have ‖� Â1,B̂1
m1 ( p̃1) − �

Â1,B̂1
m1 (s1) ‖ � ε0 + δ1 and

hence

dist
(
� Â1,B̂1

m1
( p̃1) , A ∩ B

)
� dist

(
� Â1,B̂1

m1
(s1) , A ∩ B

)
− (ε0 + δ1) � ε0.

Let us finally set

q1 = � Â1,B̂1
m1

( p̃1) = � Â1,B̂1
m1

(
�A,B

n1 (q0)
)

.

Iterating the same argument as above, we can inductively obtain a sequence of sets

Âh, B̂h ⊂ H, together with points qh, p̃h ∈ H, ph ∈ A∩ B, ãh ∈ A, b̃h ∈ B, positive
numbers rh and positive integers nh,mh such that for every h ∈ N, we have:

(i) p̃h = �
A,B
nh (qh−1) and ‖ p̃h − ph‖ < ε0;

(ii) ‖̃ah − wh‖ � δh , ‖b̃h − wh‖ � δh and max{‖ph‖, ‖̃ah‖, h} � rh ,

(iii) DH
(
A ∩ rhBH, Âh

)
� 9δh and DH

(
B, B̂h

)
� 10δh ;

(iv) qh = �
Âh ,B̂h
mh ( p̃h) = �

Âh ,B̂h
mh

(
�

A,B
nh (qh−1)

)
and dist(qh, A ∩ B) � ε0.
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Similarly to the last part of the proof of Theorem 3.4, we generate two sequences
{An} and {Bn} of closed convex sets of the form

{An}∞n=1 :=

⎧
⎪⎨

⎪⎩
A, . . . , A︸ ︷︷ ︸
n1 times

, Â1, . . . , Â1︸ ︷︷ ︸
m1 times

, A, . . . , A︸ ︷︷ ︸
n2 times

, Â2, . . . , Â2︸ ︷︷ ︸
m2 times

, A, . . . , A︸ ︷︷ ︸
n3 times

, Â3, . . . , Â3︸ ︷︷ ︸
m3 times

, . . .

⎫
⎪⎬

⎪⎭

{Bn}∞n=1 :=

⎧
⎪⎨

⎪⎩
B, . . . , B︸ ︷︷ ︸
n1 times

, B̂1, . . . , B̂1︸ ︷︷ ︸
m1 times

, B, . . . , B︸ ︷︷ ︸
n2 times

, B̂2, . . . , B̂2︸ ︷︷ ︸
m2 times

, B, . . . , B︸ ︷︷ ︸
n3 times

, B̂3, . . . , B̂3︸ ︷︷ ︸
m3 times

, . . .

⎫
⎪⎬

⎪⎭

respectively, for which the variational alternating projection sequences starting from
q0 and successively projecting onto these sets do not satisfy the conditions in Defini-
tion 1.1. This shows that the pair (A, B) is not d-stable. ��
The above result provides a complete proof of Theorem A and positively answers the
open problem considered in Problem 1.2.

4 Open problems and remarks

A typical example of convex feasibility problem where regularity fails is the so called
Moment Problem. This problem consists of a pair (A, B) in a Hilbert spaceH given by
a linear subspace A of finite codimension k and a Hilbert lattice cone B. This problem
has an intrinsic applied nature, as the particular case of B being the cone of positive
elements corresponds to the research of positive zeros of a linear functional operator
via von Neumann’s projection algorithm.

Bauschke and Borwein [4] proved that, for the case of codimension k = 1, the
alternating projection sequences always converge to a point in A ∩ B; at the same
time, they provided an example (see [4, Example 5.5]) where the pair (A, B) has
unbounded intersection and is not regular, and so is not d-stable thanks to Theorem A.
In particular, this means that there exists a sequence of Attouch-Wets approximations
for A and B for which the corresponding variational projection sequences fails to
converge: however, as we have seen, an explicit construction of such sequences is a
difficult problem.

A posteriori, the fact that d-stability does not hold for these instances of Moment
Problem is not surprising since the involved lattice cone B has usually an unbounded
basis (and the approximation of such cones is often problematic). For the time being,
it remains unknown if the alternating projection sequences converges in norm for a
generalmoment problemof codimension k > 1.Our results suggest that the variational
approach does not seem to be the proper way to investigate the Moment Problem and
different techniques related to the lattice structure of the cone are required, especially
for higher codimension k, see [3].

To summarize, we hereby established the equivalence between regularity and d-
stability for a pair of closed convex subsets (A, B) of H provided that A ∩ B is
nonempty and bounded (or more generally, if the best approximation sets E and F
are nonempty and bounded). Example 5.2 in [11] shows that regularity does not imply
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d-stability of the pair (A, B) when A ∩ B is unbounded, even in a finite-dimensional
setting.

At this point, let us recall from [8, Theorem 3.7] that the alternating projection
sequence an = PAPB(an−1), n � 1, is self-contracted, that is, for any N � 1
the finite sequence {‖ai − aN‖}1�i�N is decreasing. This fact guaranties that the
set of accumulation points of the alternate projection sequence {an}n�1 is at most a
singleton (in particular, the method converges in finite dimensions, whenever the best
approximation sets are nonempty, defining, in addition, a polygonal curve of finite
length, see [10] e.g.). The property of self-contractedness is completely lost in case
of inexact projections or in case of variational perturbations of the sets, changing
the nature of the problem. Therefore, an interesting question is to determine whether
there exists a weaker regularity condition on (A, B) that is equivalent to the norm
convergence of the alternating projection method.

Another possible direction for further research concerns regularity and d-stability
for more than two closed convex sets or for different iterative projection algorithms
(see [2, 9] e.g.). Indeed, the convex feasibility problem for more than two sets is a
rich field of research, where the order (and the frequency) on which the alternating
projections are taken would potentially lead to different conclusions and unexplored
notions of regularity.
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